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This paper focuses on the effects of closed- control on the calculation of the
dynamic load carrying capacity (DLCC) for mobile-base flexible-link
manipulators. In previously proposed methods in the literature of DLCC
calculation in flexible robots, an open-loop control scheme is assumed, whereas in
reality, robot control is achieved via closed loop approaches which could render
the calculated DLCC value inaccurate. The aim of this research is to investigate
the necessity of considering the effect of closed loop control in the calculation of
the DLCC of mobile-based flexible link manipulators. Finite elements modeling
and the Lagrange method have been used for modeling a mobile-base manipulator
with two flexible links link. After that, a control scheme based on the feedback
linearization method has been devised. A method for calculating the DLCC from a
previously published study has then been utilized, with the difference that closedloop motion control has been assumed as opposed to open-loop control. Finally,
three simulation case studies have been presented for which the results have been
compared with those reported in a previously published study which ignores the
closed-loop control effects. The comparisons show that the effect of closed-loop
control on the DLCC needs to be taken into account.

1- Introduction
This study addresses consideration of closed-loop
control effects on the calculation the dynamic load
carrying capacity (DLCC) of mobile-base flexiblelink manipulators, using finite elements and Lagrange
modeling and feedback linearization control
approach. Mobile robot manipulators have
increasingly been given attention during recent years
due to their several advantages over their rigid
counterparts; such as their improved maneuverability
and their reduced power consumption. However,
application of these types of robots involves dealing
with a number of problems. Since mobile robots are
usually “power-on-board” with limited power

capacity, using light links and small actuators in
order to reduce power consumption is desirable in
designing these types of manipulators. As small
actuators produce less torque than their heavier ones,
the maximum load that can be carried by the
manipulator will be constrained to a limit determined
partially by the maximum available joint torques
constraint. On the other hand, the flexibility of the
links causes the end-effectors actual path to deviate
from the desired path, and the amount of deviation at
each point of the path depends on the amount of the
load carried by the manipulator. Hence there are two
constraints that must be taken into consideration in

34

International Journal of Robotics, Vol.3, No.1, (2013)/ M. H. Korayem, S. Firouzy

angle tracking of a flexible link robot. The problem
of controlling flexible-link manipulators poses
different challenges to the designer of control
strategy due to the vibratory nature of such systems;
such systems have passive degrees-of–freedom and
are therefore categorized among under-actuated
systems, therefore full state feedback linearization
can not be applied to them. Instead, partial feedback
linearization method could be utilized for such
systems, aiming to control joint angles while keeping
the internal dynamics (i.e. vibrations of the links)
stable. Although some research could be found in the
literature that has addressed the problem of
controlling the end effecter position of flexible link
manipulators on a set point (i.e. regulator type
controller design), in trajectory tracking motion
control (i.e. servo control) the conventional control
strategy is join angles control (rather than arm tip
position control) which has also been used in the
current research.
Neither one of the studies in the literature have taken
into consideration the effects closed loop control on
calculating the DLCC of mobile-base flexible-link
manipulators. Although a similar task has been done
in [7] for flexible-joint manipulators, applying this
approach for flexible-link manipulators brings about
new problems that will be revealed in the simulation
stage. This is because the highly nonlinear dynamic
equation of these types of robots makes it hard to
implement closed loop control. Furthermore, finding
the DLCC without considering the effect of closedloop control, as done in [6] and [9], has one major
defect: robots used in industrial applications operate
with closed-loop rather than open-loop control
algorithms. Therefore the presence of a controller
could alter the actual value of DLCC calculated with
the assumption of open-loop case, as will be
demonstrated in this article.
In this paper a flexible two-links planar manipulator
mounted on a mobile base has been presented, and a
model based on finite element modeling and
Lagrange dynamics has been used. Next, a control
strategy using a feedback linearization technique has
been set up for motion control of the manipulator on
a given end-effector trajectory. A criterion for finding
the dynamic load carrying capacity of the
manipulator has then been presented, which is based
on a previously published work [9], with the only
difference that closed loop control has been assumed.
After that, through computer simulation, the
application of the presented method has been shown
for a case study of a planar flexible two link
manipulator mounted on a mobile base. Finally, two
additional case studies have been presented with
simulation parameter identical to those reported in [9]
wherein DLCC was calculated assuming open-loop

finding DLCC of such manipulators, namely the
actuators torque constraint, and the accuracy
constraint.
Several studies could be found in the literature about
finding the DLCC of different types of manipulators.
Calculating the DLCC has applications in the design
stage of robots; for instance, in one study Thomas et
al. [1] used the load carrying capacity as a criterion
for choosing the actuators of robot manipulators.
Wang and Ravani [2] addressed the problem of
finding the DLCC of rigid robots for a prescribed
trajectory by formulating the joint actuator constraint;
they introduced the concept of load coefficient.
Korayem and Basu [3, 4, 5] presented an algorithm
for computing the DLCC of elastic manipulators.
Yue et al. [6] considered the problem of computing
the maximum payload of kinematically redundant
manipulators by using finite-element modeling.
Korayem and Ghariblu [7] presented an algorithm for
finding the DLCC of rigid mobile manipulators.
Korayem and Davarpanah [8] dealt with the problem
of finding the DLCC of flexible-joint manipulators
with feedback linearization control. The dynamic
models of flexible-joint manipulators consist of
equations that are much simpler than those of
flexible-link manipulators. The problem of finding
the DLCC of mobile-base flexible-link manipulators
has been addressed by Korayem and Heidari [9] by
using finite-elements and Lagrange dynamics
modeling and with open loop control (i.e. using
inverse dynamics equations). They presented an
algorithm for finding the DLCC and presented
simulation results of a case study of a planar flexible
two-link manipulator mounted on a mobile base.
Several studies on motion control of flexible arm
robots could be found in this literature. Some of them
have considered design of regulator-type controllers
where the robot arm end-point is to be located in a
desired position rather than to track a desired
trajectory [10]. Rattan and Feliu applied feed-forward
control to a flexible link robot and reported
simulation results of the system step response, with
the joint angle as the controlled output [11]. Geniele
et al. [12] considered tip position control for
regulating purposes. They used a linear controller and
presented simulation results of the system step
response.
Several researches have focused on joint angle
trajectory tracking of flexible link robot manipulators
[13-15]. Yan, et al. [16] applied partial feedback
linearization for tracking control of joint angles of a
single flexible link robot. Loukinove et al. [17],
proposed joint angle trajectory tracking control
during the motion with an alternative control loop to
suppress vibrations at the end of the motion. Wai and
Lee [18] applied intelligent optimal control for joint
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control, and a comparison has been made in order to
evaluate the effect of feed-back linearization control
on the value of DLCC.
2- Modelling of the flexible manipulator
2-1- Model development
Consider a planar two-link manipulator with links 1
and 2 as depicted in Fig.1. This planar manipulator is
in the horizontal plane and therefore the gravity
vector is perpendicular to the plane of Fig.1. The
model used here is two-dimensional, i.e. only
deflection of the links in the plane of motion of the
manipulators has been considered. Therefore, gravity
has no effect on the deflection of the links of the
robot model used here, and the deflections are caused
only by the motion of the robot arms. The mobile
base can move in the plane along x and y, and the
distance of the base from the origin of the fixed
coordinate system is shown with x 0

Fig. 1: Schematic of the flexible link robot

The model development approach is described in
detail in [9], and the final form of the equations of the
model is as follows:
  f  Q
(1)
M q
Where

a

7  7 matrix and

and its rate of change q . In this case, after applying
boundary conditions, some of the generalized
coordinates associated with link deflections will be
constantly equal to zero, so that the generalized
coordinates
vector
will
be:

’11’,’12’,…,’1j’,…’1 n1 ’ of lengths all equal to l1 ,
and link 2 to be divided into elements
‘21’,’22’,…,’2j’,…’2 n2 ’ of lengths all equal l 2 ,
(Fig. 1). n 1 and n 2 are the numbers of the
elements of links 1 and 2, respectively. In the
simulation study presented in this paper, one element

n1

is

f  f (q, q ) is a column vector of nonlinear
functions of the generalized coordinates vector q ,

and y 0 .

Consider link 1 to be divided into elements

is used for each link for simplicity, therefore

M  M (q )

q  [x 0

θ1

u3

u4

θ2

w3

w 4 ]T . The

first row of the vector Q in eq. (1) denotes the force
F applied to the base of the manipulator along its
path, and the second and fifth rows contain the values

and

n2

are both equal to 1. Let us define the following
notations (where subscript i refers to link i, and
subscript ij refers to the jth element of link i): OXY is
the fixed system of coordinates, Oi Xi Oi Yi is the
body-fixed coordinate system attached to link i.

of torques applied at joints, namely τ 1 and τ 2 , and
rest
of
the
rows
are
zeros;
i.e.,
T
.
The
Q  F
τ1 0 0 τ 2
0 0
differential equation of the position of the endeffector is:
  J q
  J q
(2)
P


Where P , P and P are the vector of the position
of the end-effector and its time derivatives
respectively, and J and J are the Jacobian matrix
and its time derivative respectively.
2-2-Model adjustment for control-law deriving
In order to utilize the model of the manipulator in
deriving the control law, the model has to be changed
into a more convenient form. Consider eq. (1), in
which seven scalar differential equations are
assembled into a matrix equation. The first scalar
equation mentioned in the first row of the matrix eq.
(1) describes the behavior of the manipulator base

O1X1 is the direction of the inflexed link 1. O2X2
is the direction of the inflexed link 2. u 2j1 is the
flexural displacement at the common junction of the
two elements ‘1(j-1)’ and ‘1j’ of link 1. u 2j is the
flexural slope at the tip of common junction of
elements ‘1(j-1)’ and ‘1j’ of link 1. This slope is
measured with respect to axis O1 X1 . w 2j1 is the
flexural displacement at the common junction of
elements ‘2(j-1)’ and ‘2j’ of link 2, and w 2j is the
flexural slope at the common junction of elements
‘2(j-1)’and ‘2j’ of link 2. This slope is measured with
respect to axis O 2 X 2 . θ 1 and θ 2 are the rotation
angles of the first and the second joints, respectively.

position x0 . In this study we only aim to control the
tip position trajectory and we assume that the
manipulator base is forced to follow a predefined
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path. The value of

x0

differential equation of the joint angles could be
represented separately as:
θ  F  G τ
(7)
θ
θ

is thus a function of time and

the first row of the matrix equation must be
eliminated. By omitting the first row of all matrices
in (1), the differential equation of the system will
become:
(3)
  f   Q 
M q

Where θ  θ 1

x 0 (the

second

x 0 ) must be brought to the right
side of the equation because x 0 will be replaced by

x 0

T

the first and fourth rows of G and F , respectively.

is on the

 , the first column of M  is multiplied
first row of q
by

x 0 in

and

of the system and q f  u 3 u 4 w 3 w 4  .
F f 4  1 and G f 4 2 are obtained by omitting

time-derivative of

a predefined function of time. Since

while Fθ

Gθ
are 2  2 square matrices comprised only of the first
and fourth rows of G and F , respectively. The
differential equation of the rest of the generalized
coordinates could be represented in a matrix form as
follows:
 f  F f  G f τ
(8)
q
Where the subscript ‘f’ refers to the flexural variables

where M  and f  are obtained by eliminating the
f ,
and
and
first
rows
of
M
T

Q  τ 1 0 0 τ 2 0 0  . Now, those
terms of the equations containing

θ 2 T ,

3-Joint-Angle Trajectory Tracking Control

eq. (3). We therefore separate the first
3-1-Control Scheme
The feedback linearization control method has been
utilized in this study to address the problem of endeffector motion control of flexible link manipulators,
which are categorized amongst under-actuated
systems and therefore full state feedback linearization
cannot be applied to them. Instead, partial feedback
linearization (or input-output feedback linearization)
is used to control joint angles. The problem of
stability of the internal dynamics of the system
(which, in this case, correspond to the vibrations of
the links) has been addressed in section 3-2 and
stability has been checked after simulation of the
manipulator motion along the desired path.
Simulations have been conducted via Simulink
toolbox of Matlab software.
The control scheme is based on deriving the desired
joint angles trajectory from the desired end-effector
trajectory (inverse kinematics). The joint angles are
calculated in a fashion in which they would
correspond to the end-effector desired path,
neglecting links deflection. This means that,
assuming link rigidity, tracking the obtained
trajectory for join angles would result in tracking the
desired end-effector trajectory; obviously, this is not
the case here because the deflections of the links will
cause the end effector position to deviate from its
desired position at each point of the path. The amount
of this deviation, which must not exceed the
allowable limits, depends on the amount of the load
carried by the end-effector and is one of the two
criteria by which the DLCC is calculated.
Considering eq. (7), the following control law leads
to asymptotic tracking of the desired joint angles
trajectory:

column of M , name it M 1 , and multiply it by x 0 .
Then, eq. (3) changes into the following form:
   M 1 x 0  f   Q 
M 2 q



(4)

T

Where q  θ1 u 3 u 4 θ 2 w 3 w 4 , and
M 2 is obtained by eliminating the first column of
M  . By multiplying both sides of the equation by
M 2  1 and defining F  (M 2 ) 1 (f   M 1x 0 ) , eq.
(4) becomes:
   F  ( M 2 ) 1 Q 
(5)
q
Since there are four zero rows in Q  , four of the
columns of M 2  1 are multiplied by zeros in eq.
(5); therefore by eliminating them, the equation
describing the behavior of the generalized
coordinates of the whole system will become:
   F  G τ
q

(6)

Where τ  [ τ 1 τ 2 ] and G is a 6  2 matrix
obtained by eliminating the four zero-columns of
M 2  1 (namely the second, third, fifth and sixth
columns).
The system has six generalized coordinates, two of
which correspond to the joint angles, namely θ1
and θ 2 , and the other four variables denote
deflections of the links, namely u 3 , u 4 , w 3 and w4 .
For control law computation purposes, it is
appropriate to separate these two groups of variables
and their differential equations. Therefore, by
selecting the first and fourth rows of (6), the
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1

τ  G θ [Fθ  v ]

by constraining the output θ of the system to be kept
constantly equal to zero using appropriate inputs. It
has been shown in [21] that the stability of the zero
dynamics together with the use of a control law like
that of eq. (9) will lead to stability of the entire
system in regulating control (where the control
objective is to keep the output constantly zero),
provided that the linear equation of the output (eq.

(9)

T
Where θ d  [θ 1d θ 2d ] is the desired joint angle

~

vector as a function of time, θ  θ  θ d is the
tracking error vector and v is the new input of the
system defined by:
~
~
(10)
v  θ d  λ 1 θ  λ 2 θ

11) is stable (i.e. the constants λ1 and λ 2 are
chosen so that the roots of the characteristic equation
are on the left hand side of the vertical axis in the
complex number plane). It has also been shown that
in joint-motion tracking control of flexible link
manipulators, the zero dynamics are stable [20].
In the case of tracking control (where the outputs are
supposed to follow a desired path), the analysis is
slightly different as follows. Keeping in mind that the
internal dynamics described by eq. (8) is dependent
on the behavior of the input-output dynamics of eq.
(7), we need to convert the internal dynamics in eq.
(8) into a form in which the input τ is not explicitly
mentioned [21]. Therefore, by substituting eq. (9)
into eq. (8), the following equation of internal
dynamics during the joint-angle motion control is
obtained:
~
~
 f  Ff  G f (G θ  1 [  Fθ  θ d  λ 1 θ  λ 2 θ ]) (12)
q

The torques calculated in (9) should be applied to the
manipulator, as demonstrated in the block diagram in
Fig. 2. Applying the control law of eq. (10) leads to a
linear relationship between the system outputs and
the new input v, i.e. θ  v . It could be seen by
comparing eq. (7), (9) and (10) that the abovementioned control law will cause the dynamic
equation of the joint angles to become:

~
~
~

θ  λ1 θ  λ 2 θ  0

(11)
This is a linear differential equation in which proper
choice of λ1 and λ2 will lead to the asymptotic
convergence of the tracking error to zero. This is a
problem of placing the poles of the linearized closedloop system, which must be located on the left hand
side of the vertical axis in the complex number plane.
Here, the optimum locations of the closed loop poles
were chosen by trial and error, and the corresponding
values of λ1 and λ 2 are 1.1 and 0.1, respectively.

Provided that the answer of eq. (12) exists, is limited
and is stable, the whole system is stable and the
control law of (9) will lead to asymptotic tracking of
the desired outputs [21]. Furthermore, as long as all
time varying functions of the internal dynamics of eq.
(12) are bounded (which is the case in the numerical
examples used in this paper), stability is ensured,
even during trajectory tracking [20]. Diagrams of the
flexural variables of the system during output
trajectory tracking have been included in this paper in
order to confirm the stability of the internal dynamics
and to assure that the link vibrations have remained
bounded throughout the motion.
It should be noted that although the abovementioned
stability analysis does not explicitly involve the
Cartesian coordinates of the end-effector position, it
still implies the stability of the end-effector position.
This could be seen by considering that the values of
the end-effector coordinates are determined by the
joint angles as well as the flexural variables (i.e.

3-2-Stability of the Closed-Loop System
The stability problem of flexible-link manipulators
with joint-motion control has been addressed in
published researches [13, 20, and 22]. Feedback
linearization control, with the choice of joint angles
as the controlled output of the system, has been
shown to be efficient in maintaining stability. In
order to explain the stability analysis, let us consider
the system dynamic equations (7) and (8) again. Eq.
(7) describes the input-output behavior of the system,
while it does not show another part of the system
dynamics (namely the internal dynamics), which is
described in eq. (8). The control law of eq. (9) causes
the behavior of the system output to follow the linear
differential equation of (10), provided that the
internal dynamics are stable; otherwise the control
approach is impractical since the internal instability
(i.e. boundlessly increasing vibrations of the links)
will render the entire system unstable. The internal
dynamics of the system is coupled with the
observable output dynamics of the system and
internal stability analysis can be carried out by
studying the so-called zero dynamics of the system.
Zero dynamics equations of the system are obtained

u3 , u 4 , w3

and

w 4 ). On the other hand, stability

of the internal dynamics means that the flexural
variables remain limited and stable. Therefore, while
the joint angles trace their desired values and as long
as the internal dynamics are stable, the end-effector
position coordinates also remain limited and stable.
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θ
θd

capable of executing the given trajectory. Therefore
only the magnitude of the deflection needs to be
considered. Hence, a series of spherical boundaries
with radii equal to R p (maximum allowable

_

~
θ

+



λ1

_

~
θ

+
_

( θ)

τ

λ2

 

Robot
Model

,

+

θ θ
F

θd

v

q
,
q

θ
d

G

_
+

θ

(q ,

θ

This can be regarded as the remaining allowable endeffector deflection at point j of the given trajectory.
This remaining amount can express the amount of
additional load that can be carried along the desired
trajectory without violating the maximum allowable
deviation of the end-effector position. Therefore, a
load coefficient (C p ) j can be introduced for point j

θ

Fig. 2: Block diagram of the control scheme. Note
that joint angles vector ( ) is controlled.
4- Formulation of the Dynamic Load Carrying
Capacity (DLCC) for a Predefined Trajectory

The DLCC calculation method presented here is
similar to the one proposed in [9]. The only
difference is that between the DLCC formulation in
this study and the one reported in [9] is that the
closed loop control has been taken into consideration
in the current study.
The DLCC of a flexible link mobile manipulator for a
given trajectory is defined as the maximum load that
the manipulator can carry along the desired trajectory
with acceptable precision. In the case of flexible-link
manipulators, link flexibilities can cause deviation of
the end-effector trajectory from its desired one.
Therefore, a constraint on the end-effector deflection
must be imposed, as well as one on the motor
torques.

of the discritised trajectory, j=1,2,…,m as :

(C p ) j 

simulations,

no-load

deflection

R
max[Def

p

 (Def
e

e

)j

]  max[Def

nl

]

(12)

Where
max{Defe }  max{(Defe )1 , (Defe ) 2 ,..., (Defe ) m } (13)
max{Defnl }  max{(Defnl )1 , (Defnl ) 2 ,..., (Defnl ) m }

4-1- Formulation of the accuracy constraint
As illustrated in [9], the method for formulating the
accuracy constraint is based on discretising the
trajectory into separate points. Performing

(Def n ) j

deviation) and centered at points on the digitized
desired trajectory have been introduced, as shown in
Fig. 3. Although the no-load deflection ( Def nl ) and
the deflection due to the end effector load ( Def e ) are
generally vectors of different directions, the increase
of the deflection magnitude due to the added mass at
the end effector is linearly related to the mass [5 and
19].
The difference between the magnitudes of the
allowable deflection and the deflection due to the
added end-effector mass will be:
(11)
R p  (Def e ) j

Fig. 3: Spherical boundary of the end effector deflection

and
4-2. Formulation of the actuator torque constraint
The formulation of the actuator torque constraint
for rigid manipulators could be found in [8]. The
same approach could be used for flexible
manipulators as well, as in [6]. In order to formulize
the actuator torque constraint, knowledge of the
maximum allowable torques of the motors is needed;
therefore, typical torque-speed curves of DC motors

deflection with added end effector mass (Def e ) j
are computed for each point of the digitized
trajectory. As depicted in Fig. 3, both the magnitude
and the direction of the deflection change by adding
the end-effector mass. But as long as the magnitude
of the deflection is not greater than the maximum
allowable value, the robot is considered to remain
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have been used [5] here. Considering

k 2  T s /ω nl

k 1  Ts

5-Simulation Results and Discussion

and

The simulation results for three case studies of
flexible-link mobile-base manipulators are presented
here. The first case study is presented for a thorough
description of the approach, and all of the necessary
diagrams have been shown. The second and third
case studies are presented in order to compare the
results with a previously published work [9], and
therefore only the diagrams that were necessary for
the purpose of comparison have been shown for those
two cases.

where T s is the stall torque and

ω nl is the maximum no-load speed of the motor,
the upper and lower bounds of the allowable motor

torques, U and U  , could be found using the
following relation:
U



 k 1  k 2 q

U



  k 1  k 2 q

(14)

Similar to the process of calculating the accuracy
constraint, here we need to run the simulation twice;
once without any load (also excluding the end
effector) and once with the end effector load, as
described in [8]. By performing computer simulation,
the torque at joint i for the no-load case (τ nl ) and the
torque due to the end effector load (τe )

5-1- First Case Study: A Complete Demonstration
of the Procedure
The characteristics of the manipulator used in the
simulation of the first case study are presented in
Table 1.

are

TABLE 1. Parameters Used in the First Simulation
Parameter
Value
Unit
Length of the
m
L 1  L 2  1 .2
links

calculated according to the control law for the motion
of the manipulator which can be obtained for each
point of the discretised trajectory. Note that for the
case that the end effector load has been taken into
account, the total torque applied is equal to τ nl  τ e .
The available torque for carrying the load will be:

τ i  (U



τ i  (U



) i  ( τ e ) i  ( τ nl ) i
) i  ( τ e ) i  ( τ nl ) i

Moment of Inertia
Mass per Length

(15)

Modulus of
Elasticity

and the maximum allowable torque at the ith joint
will be equal to:

(τ a ) i 

max{τ i , τ i }

(16)
Now a load coefficient could be defined to represent
the actuator torque constraint, as follows:
(C a ) j  min{(τ a / τ e ) i , i  1,2,..., n}
(17)

I1  I 2  5 .5e  8

m1  m

2

 0 .8

E1  E2  2.0e11

k1

160

k2

10

m4
Kg/m

N / m2

N .m .

N .m.s / ra

Simulations were performed two times, first for the
manipulator without load and then for an initial load
of 0.5 kg. The maximum allowable deflection of the
end-effector was considered to be 0.03 m. The results
of the simulation of the manipulator motion with the
initial load have been depicted in Fig. 4 to 10. Fig. 4
shows the desired and the actual path of the endeffector with the initial load. In Fig. 5 and 6 show the
first and the second actuator torques with their upper
and lower limits. Figs. 7 to 10 show that the flexural
variables of the system have been kept limited to
small values, which confirms the internal stability of
the closed loop system. The base of the manipulator
travels on the OX axis as in Fig. 1, and its distance
from the origin O is defined by:
x 0 ( t )  0.0937 t 5  0.4687 t 4  0.625t 3
The desired path of the end-effector was chosen to
be:

Where the subscript 'i' denotes the i’th joint, and “n”
is the number of the joints. The load
coefficient (Ca ) j , from a physical point of view,
describes the accessible load for carrying the
maximum load divided by the load applied for
carrying the initial load. Finally, the load coefficient
C can be obtained as follows:
(18)
C  min{(Cp ) j , (Ca ) j}
j  1,2,..., m
where “m” is the number of the points of the
discretised trajectory. The maximum load m load that
can be carried on the trajectory without violating
either of the two constraints will be:
m load  C  m e
(19)
where m e is the mass of the end effector.
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Fig. 6: Torque of the second joint actuator, without load and
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DLCC. This could be seen in Fig.11 to 13. Fig.11
shows the desired and the actual path of the end
effector while carrying the maximum load. Fig.12
shows the deviation of the end effector from the
desired path throughout the motion of the
manipulator, which is clearly far from exceeding the
maximum allowable value (0.03 m). Fig.13 shows
that the first joint torque has reached its maximum
allowable value near the point t=0.5 sec. The torque
of the second joint is also shown in Fig.14; a
comparison between Fig.13 and 14 shows that the
saturation of the first joint actuator (rather than the
second one) torque is the dominant constraint which
determines the maximum load that the manipulator
can carry.
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The DLCC of the manipulator calculated by
equation (19) was found to be 1.37 kg. Two
constraints, namely the accuracy and the motor
torques constraints were considered for finding the
DLCC, which in this case the motor torques
constraint was the dominating constraint; i.e., the
manipulator would be capable of carrying a heavier
load without violating the accuracy constraint if the
motors could produce more torque. In order to verify
the reliability of the DLCC calculation method, a test
was performed in which the motion of the
manipulator with the computed maximum load was
simulated. It was expected that the manipulator
would be able to carry the load without violating the
accuracy constraint and that at least one of the motors
torques would reach its maximum available bound,
since the motor torque constraint determined the
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Fig.12: deviation of the end effector from the desired path
while carrying the maximum load
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point { x1
in Fig.15.
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Fig.13: Torque of the first joint actuator, without load and
with the maximum load, and its upper and lower boundaries

200

Fig.15: Schematic of the robot and the end-effector path in the
second case study

150

torque of the second joint

upper bound

The desired velocity profile of the end effector along
its path is as follows:

100

torque with end-effector load

0 t T /4
 v  at

T / 4  t  3T / 4
 v  v max
v  v
3T / 4  t  T
max  at


50

0

-50
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where T=3.25 sec. The permissible error bound for
the end-effector position around each point on the
desired path is limited to R=0.03 m. A linear path is
planned for the vehicle, which starts from the origin
and ends at the point ( x b 2  0.76 m , y b1  0.2 m ),
with the velocity of V b  a b t . The procedure of
calculating the DLCC is the same as the previous
case. Fig.16 shows the desired and the actual path of
the end-effector. Figs.17 and 18 show the torques of
the actuators with and without the initial load and
Figure19 shows the diagram of DLCC for the given
path against time, with a minimum of 0.25 kg.
The path of the manipulator while carrying the
maximum load, (which is equal to 0.25 kg) is shown
in Fig. 20. It could be seen that the accuracy bound is
far from being violated in this case. Fig. 21 shows the
torque of the first joint actuator, and it can be seen
that at the end of the motion, the torque of the second
actuator has taken its maximum allowable value.
The DLCC value calculated here shows no increase
in comparison to that reported in [9] where open loop
control has been assumed. This could be explained by
the following analysis:
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Fig.14: Torque of the second joint actuator, without load and
with the maximum load, and its upper and lower boundaries

5-2- Second Case Study: Comparison with a
previously published study
In the second case study, the problem parameters
have been chosen to be identical to those reported in
[9], in which the DLCC of a flexible-link mobilebase manipulator is calculated without assuming
closed-loop control (i.e. using inverse dynamics
approach). Results of the simulation have been
brought here to be compared to those reported in [9]
in order to see the effect of feedback linearization
control on the value of the DLCC. The parameters
used in the simulation are given in Table 2. The path
of the end-effector and its load is a strait line, starting
from point { x1  0 m , y1  2 m } and ending at
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In this case study, the constraint that determines
the DLCC is the actuator torques constraint rather
than the accuracy constraint, in other words, the
accuracy of tracking the desired end-effector position
is unimportant here. On the other hand, although
closed loop control increase tracking accuracy, it
does not necessarily decrease the control effort (and
in this case, it has not). It should also be noted that
the value of the DLCC calculated here was not
neither reduced compared to the open loop case. This
could be explained by considering that a closed-loop
control scheme does not necessarily lead to greater
actuator torques compared to the open-loop case, but
rather more precisely calculated torques. Therefore,
in cases where actuator torque limitation is the
dominating constraint, calculating the DLCC yields
the same result whether or not closed loop control has
been considered.
The sudden jump in the DLCC diagram in Fig.19
could be explained this way: as mentioned earlier,
through most of the motion period, the actuator
torques constraint is stricter than the accuracy
constraint i.e. C a  C p for most of the motion
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Fig.17: Torque of the first joint actuator with and without the
initial load.
30

Upper Bound

20

Torque of theSecond Joint Actuator

the first joint becomes noticeable, causing C a to
become small again.

Parameters used in the second simulation
Parameter
Value
Unit
Length of links
m
L 1  L 2  1 . 414
Moment of inertia
Kg.m2
I 1  I 2  5 .5e  4
TABLE 2.

K s 2  25

0

-25

short time, as could be seen in Fig.17, the difference
between the no-load torque (τ nl ) and the torque
with end effector load (which is equal to τ nl  τ e ) at

K S1  18 ,

0.7

-20

C a of the second joint, or greater than C p . After a

Actuator stall
torque

0.6

Torque with End Effector Load

5

-15

until the C a of the first joint becomes greater than

K 2  10

0.5

Upper Bound

and C a of the two joints) will increase at this time

K 1  15 ,

0.4

10

(17) it is found that at this moment, C a of the first
joint approaches infinity and its value will be
increasing rapidly before this moment. Thus, the load
coefficient (which is defined as the minimum of C p

Spring Constant

0.3

15

( τ nl  τ e ) at the first joint have equal values, as
could be seen in Fig.17. This means that at this
moment τ e  0 for the first joint. By considering eq.

m 2  0 .5
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Fig.16: Path of the end-effector with the initial load
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the initial load
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5-3- Third Case Study: Comparison with a
previously published study
The case study considered in [9] has been reexamined, and a comparison of the results is
presented here. Schematic of the manipulator and the
end-effector path is shown in Fig. 22, and the
parameters used in the simulation are given in Table
(3). The base moves horizontally with a velocity
of V b  0.5t . The trajectory of the load is a circular
path
with
its
center
located
at
{ xc  1 m, yc  1 m } and a radius of r  50 cm .

25

D ynamic Load C arrying C apacity (kg)

20

15

10

5

The motion starts from the lower point of the arc
(Fig. 26) and circulates around the center of the arc in
a clockwise direction. The maximum allowable errorbound at each point of the desired path is restricted to
a sphere centered on the desired path with a radius of
5 cm.
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Fig.19: Dynamic Load Carrying Capacity

TABLE. 3: Parameters Used in the Second Simulation
Parameter
Value
Unit
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2.35
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Length of links

L1  L 2  1 .2

Moment of
inertia
Mass

I 1  I 2  5 .5 e  4

m

2.3

Y (m)

2.25

2.2
Actual path
Lower Bound

2.15

2.1

2.05

Desired Path

m1  0 .8,

Spring Constant

K1 17,

Actuator stall
torque

K S1  12 ,

m 2  0 .8
K2 12
K s 2  30
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N.m
N.m.s/rad
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Fig. 20: Path of the end-effector with the maximum allowable
load
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Fig. 22: Schematic view of the flexible link manipulator of the
third case study

Fig. 21: Torque of the first joint actuator while carrying the
maximum allowable load
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Fig. 24: Angle of the first joint during the motion of the
manipulator
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Fig. 23: Dynamic Load Carrying Capacity in the third case
study

2.3

actual path
Teta2(rad)

2.2

The DLCC in this case is shown in Fig. 23 with a
minimum of 0.77 kg. The sudden jumps in the DLCC
diagram could be explained in a similar way as in the
first case study, with the difference that in this case
the sudden increases in the precision load coefficient
C p (rather than the actuator torques coefficient)

2.1

2

1.9

1.8

1.7

causes the jumps. That is, at two moments during the
motion of the manipulator, namely approximately
t  0.45 sec and t  1.4 sec , the deflection of the end
effector from the desired path is zero. This will cause
an increase in the load coefficient C p (the dominant

1.6

1.5

0

0.5

1

1.5

Time(sec)

Fig. 25: Angle of the second joint during the motion of the
manipul

coefficient in this case), as could be seen by
considering eq. (12).
Joint angles are depicted in Fig. 24 and 25. The
dominating constraint in this case is the accuracy
constraint, as could be seen in Fig. 26 which shows
that the end effector position deviation from the
desired path reaches the maximum allowable value at
one point during the motion. Comparison with [9]
shows that the calculated DLCC has been increased
by 43 percent as a result of considering closed loop
control. This could be explained by considering the
fact that it is the accuracy constraint that determines
the DLCC in this case. Therefore, by using closedloop control, the position of the end-effector could be
controlled more precisely and therefore heavier loads
(as compared to the open loop case) could be carried
without violating the accuracy constraint.
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Fig. 26: Desired and actual path of the end-effector for the
third case study
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6- Discussion of the results and conclusion
A comparison between this case study and the
second case study shows a pattern, as follows:
 In the second case study where the
dominating constraint was the torque
constraint, considering the effects of closed
loop control did not affect the calculated
value for DLCC.
 In the third case study where the dominating
constraint was the accuracy constraint, it has
been revealed that neglecting closed-loop
control effects (i.e. improved accuracy
compared to open loop case) leads to
underestimation of the DLCC. Therefore,
since closed-loop control is implemented in
robotic applications, the DLCC calculated
for the third case study here is more realistic
than the one reported in [9].
The modeling and simulation process involved in
DLCC calculation does not become much more
complicated as a result of considering closed loop
control. Therefore, in a general case, it could be
concluded that closed loop control should be
considered in the calculation of the DLCC of mobilebase flexible-link manipulators. On the other hand, in
cases where the torque constraint is more restricting
than the accuracy constraint, the DLCC value
calculated with the assumption of open loop control
is still reliable.
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