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ABSTRACT

This paper aims to develop a boundary control solution for a single-link
gantry robot manipulator with one axis of rotation. The control
procedure is considered with link’s transverse vibrations while system
undergoes rigid body nonlinear large rotation and translation. Initially,
based on Hamilton principle, governing equations of hybrid motions as
a set of partial differential equations (PDE) and ordinary differential
equations (ODE) will be derived. The control objectives which are
sought for include: moving the system to a desired position, regulating
large angular position and finally suppressing the flexible link transverse
vibrations simultaneously. By considering novel Lyapunov functions
and avoiding any simplifications, In the presence of external boundary
disturbance, proper control feedback signals and boundary disturbance
observer are introduced in order to reach mentioned control objectives
and compensate external boundary disturbance effect simultaneously. At
last uniform ultimate boundedness of the closed loop system is proven
in which by choosing proper design parameters, system states and
position error converge exponentially to a small neighborhood of zero.
In order to illustrate the performance of the proposed control method,
numerical simulation results are provided.

1. Introduction

Development and motion control of

(De Luca and Book, 2008). The most critical
issues for these systems are dynamic accuracy,
higher operating speed and ensuring the

flexible manipulators has received everlasting

demand for robot fabrications and researchers operating  safety. ~ Although  employing
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lightweight links can improve the total
efficiency,  for  high-speed  precision
transportation systems, the large amplitude
undesirable vibrations due to the flexible
properties of the manipulator and the external
disturbances  contribute  to  imprecise
positioning  which is  time-consuming,
extortionate and perilous as well. Therefore,
the effective control methods for accurate
positioning and vibration suppression are
desirable and has attracted a great deal of
attention currently and many publications have
been devoted to Infinite Dimensional Control
methods that guarantee the stabilization of
infinite-dimensional Flexible structures (Halim
and Cazzolato, 2006; Krstic, 2009; Luo et al.,
2014). (Fang et al., 2003; Ismail et al., 2009;
Vaughan et al., 2010).In which due to the
representation of the flexible body as a
distributed parameter system with infinite
degrees of freedom, the complexity of control
design rises.

Since PDE based stabilization producer has
not been well developed compared to control
approaches for ODE systems, control
techniques such as assumed-mode, lumped-
parameter, and finite element methods are used
to simultaneous end effector regulation and
vibration suppression, which all relay on
discretizing the PDE model into a set of ODEs.
Since control design based on over mention
methods only consider a finite number of
vibration modes, in order to avoid high order
controlling problems and spillover observation
and control occurrences, many new control
approaches based on original PDE model
without discretization for flexible links have
been presented. Other approaches based on
infinite-dimensional control procedure include
distributed control methods, which is based on
the implementation of a network of sensors and
actuators distributed at interior points of the
system. Enhancement of these kinds of devices
such as piezoelectrics and strain gages leads to
increase in cost and complexity.

ve

Among infinite  dimensional control
methods, boundary control as comparison
seems to be a more practical method. The
implementations trait of these controllers
makes them be widely applicable in many
major control strategies for systems governed
by PDEs (De Queiroz and Rahn, 2002). The
BCs designed for the non-discretized PDE
models ensure closed-loop stability for an
infinite number of modes which avoid the
spillover phenomena (Meirovitch and Baruh,
1983; Najafi et al., 2011; Vatankhah et al.,
2015). Additionally, this method removes the
in-domain sensing/actuating problem; on the
other hand, the controllers basically admit
apparent physical features. Therefore, several
researchers have proposed applying the
boundary controllers for a variety of flexible
systems such as strings(Fung et al., 2002; He et
al., 2012; Kirstic, 2009), container cranes(He et
al., 2017; He and Ge, 2016) flexible aircraft
wings(He et al., 2018), satellites (W. He and
Ge, 2015), composite plates (Najafi et al.,
2010; Rastgoftar et al., 2010) and composite
shells containing fluid (Najafi and Eghtesad,
2013).

Mainly, based on the benefits of the
boundary control method, the researchers have
been established this method to overcome the
challenges facing the control of flexible
manipulators.

For beams as a fundamental element in
flexible manipulators, (Morgul, 1992) by using
boundary control torque and force have
developed a vibration control strategy.
(Lotfazar et al., 2008) studied general in-plane
trajectory tracking problem of a flexible beam
using two-time scale control theory and BC
method. Also, comprehensively (Ge et al.,
2011) have developed control scheme for
vibration suppression while dealing with
compensation of the system parametric
uncertainties and the disturbances
uncertainties. Similarly, (Wei He and Ge,
2015) addressed vibration stabilization based
on barrier Lyapunov function theory in order to
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consider  boundary  output  constraint.
Moreover, vibration regulation with input
saturation is also considered in (He and Liu,
2019).

As mentioned before, based on BC
technique novelty, this method has been
extended for the different flexible
manipulator’s systems. (Queiroz et al., 1999)
addressed asymptotic BC strategy for a
nonlinear vertical flexible link by developing
control torque on hub and control force on
endpoint in order to regulate the vibration and
drive the manipulator to the desired
point.(Endo et al., 2009) consider two-one link
flexible arm for grasping task and implement
BC to achieve both asymptotic and exponential
stability And expansively (He and Sun, 2016)
have achieved the uniform boundedness of
closed-loop system and existence and
uniqueness of flexible vertical arm with input
constraint For nonlinear flexible arm
(Tavasoli and Mohammadpour, 2018)
asymptotically regulated a flexible robotic arm
with  2-dimensional rigid body rotation.

Moreover, (Liu et al., 2018) designed a
controller for nonlinear 3-dimensional flexible
arm ignoring gravitational energy.

Furthermore, in order to compensate
unknown boundary disturbances, disturbance
observers are implemented. (Kyung-Jinn Yang
et al., 2005) have implemented disturbance
observer of translating beam in which the value
of the bonds of the disturbances are estimated.
To compliment (He et al., 2013b) and (He, Ge,
et al., 2015) investigated designing boundary
disturbances in order to estimate the time-
varying boundary disturbances.

In this paper, a novel BC strategy has
addressed for gantry flexible manipulator
systems. Proposed gantry manipulator systems
are illustrated in figure 1. In this work, the
transverse vibration and rotation angle have
been  regulated, meanwhile  proposed
manipulator has directed to the desired
position. Moreover, boundary disturbance
observer has been designed for the proposed
system.

Figure 1. Proposed gantry manipulator systems

What has been considered in most of the
above-aforementioned work; they have
addressed the BC method based on linear
flexible arms in the vertical plane.
Furthermore, the designing control procedures
were not relatively based on the original hybrid
PDE-ODE dynamic modelling. To the best of

Yo

our knowledge many nonlinearities, the effect
of gravitational force and base position
tracking to the desired position has been
disregarded, which the ignorance of them
affected the proposed controller performances.
These assumptions may be appropriate for
small angle regulation and slow motion of
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manipulator’s base specifically near the set
point. However, in order to achieve precise
locating of the end effector, considering over
mentioned issues are inevitable in many
applications, especially in the vertical plane
and in the presence of time-varying boundary
disturbances. This effort is a comprehensive
procedure for accurate boundary control of the
gantry flexible manipulator system with
transverse vibration and large rotational angle
regulation. Moreover, it is worth to remark
that, the control designing and stability
procedures are based on original hybrid PDE-
ODE proposed governing equations without
any simplifications in order to overcome
accurate positioning. Comparing with the
existing studies, the main contributions of this
research are summarized as follows:

i. Based on the Hamiltonian method, the
original PDE-ODE equations of motion
have been derived. The proposed
dynamical model involved the
nonlinearities and coupling effects between
the large rotational angle dynamics,
gravitational force, the flexibility, the
payload and base mass dynamics and the
varying boundary disturbances, which all
exert considerable influence on control
design strategy.

ii. A novel boundary control method for
flexible gantry manipulator system by
considering  simultaneous  vibrations
suppression, large nonlinear angular
rotation, base accurate positioning and
avoiding any simplifications and spillover,
have been proposed.

iii. For mention controlling purposes, an
initiative nonlinear Lyapunov  design
approach has utilized in order to establish
control rules which ensure the exponential
stability of the closed-loop system without
considering boundary disturbances.
Additionally, uniform boundedness of the
closed-loop system under the unknown
time-varying boundary disturbance by
adding boundary observer is achieved.
Moreover, the boundedness of all closed-

1

loop signals is also shown. These signals
consist of the Dbase’s horizontal
displacement,  rotational angle, and
boundary deflection and shear measurement
with their derivatives which make them
practical.

The rest of this paper is organized as follows.
Section 2 introduces the system kinematics and
dynamics. Section 3 is dedicated to some
preliminaries. Section 4 consists of designing
boundary control rules by utilizing the
Lyapunov method in which a complex and
proper Lyapunov functional will be adopted.
Moreover, also based on over mentioned
control inputs the exponential stability and
uniform boundedness of the closed-loop
system in the absence and presence of
boundary disturbance have shown
respectively. Section 5 includes simulation
results, presented in order to show the
effectiveness of the boundary control
approach. Eventually, the conclusions are
summarized in Section 6.

2. Mathematical Modeling

Figure 2 shows the schematic diagram of the
proposed system consisting of a portable base,
flexible arm, and payload at the bottom. Frame
XOQY is the fixed inertial frame, and the motion
of the system takes place in a vertical plane.

Let t be the time, x the spatial coordinate along
the longitude of flexible link, w(x , t) the
transverse displacement due to lateral
vibrations of the flexible link at the spatial
coordinate x and time t, (t) is rotational angle
and 9(t), 6(t) are first and second order
corresponding derivatives respect to time and
n(t) and 7(t) refer to trolley position and
velocity respectively . Moreover, let m; and m;
represent the equivalent mass of base and
payload respectively, | denotes the length of
link, p the mass per unit of length and the
subscripts x; t denotes the partial derivatives
with respect to x; t, respectively.
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B (t) ———

@

Fig 2. Schematic of flexible gantry manipulator with input

forces and boundary disturbance

The Kkinetic energy of the Gantry flexible
manipulator system can be represented as:
K, =1/2m7* +

" (1)
1/2pj (v, 2+v, 7 )dx +1/2m, (v,,* +v %)

0

v, and v, denote the velocity vectors of
flexible system in x and y direction and can be
defined as:

V, =7+X6c0s (6) @
+(w, (x,t))cos (8)-w (x,t)dsin ()
v, =x0(t)sin(6(t))

+(w, (x,t))sin (6(t))-w (x,t)dt)cos (6t))

Using equations (1) ,(2) and (3) the kinetic
energy can be rewritten as:

(3)

v

K, =1/2mz?
| ()2 +(x0@))
+1/2p[4+(W (x,1))"  tdx
i +(w (x,1)0@))

+1/ ij{Zﬁ(t)é(t)XCOS (o))

+2r7(t) (W, (x,t))cos (6(t))
21 (t)0@t)w (x,t)sin (6())
+2(W  (x,1))O(t)x Jdx
+1/2m i) +(16@))

(W, (1L0)" +(w (x,1)6) }

+1/2m {27 (t)0(t)Icos (6(t))

+2r7@tw , (I,t)cos (6(t))

—2nt)0w (1,t)sin(O(t))

2w, (1,1)e(t)I}

The potential energy E (t) due to the strain
and gravity potential energy can be shown by:

(4)

E,=E, +E,, 5)
In which
|
E,y =1/2[El (w, (x,t)) dx (6)
0
B (1 —x cos(O(t)) +
Epl_pg![w (x,t)sin(e(t))de -

I —1 cos(@(t))
M9 Lw ( ,t)sin(@(t))j

In order to obtain the equations of motion, the
extended Hamiltonian principle is applied.

t
[(6T —ov +ow, )dt =0
t
OoW,,8n,0wand 08 represent the virtual
work, the virtual base displacement, virtual

(8)
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elastic transverse displacement and virtual é(t)(m |2+p|7)+
rigid body angular rotation respectively. ? 3
The total virtual work done on the system due (p'%erz' )ﬁ(t Jeos (6(t))
to external disturbance and control forces on ) _
trolley and payload is given by: +(/?'A+ m,| )gsm (6))
o, = (F(t)on+(Fy(t)+dt))dw (1,t) 9) v (x ) (W, (x,1))6(t) ]
+HF, O +d (@)1 +7(t)) 50 w2 0)d0)
Assumption 1. For unknown boundary +ij +gw (x t)cos (6())  |dx
disturban_c_e d(t), its derivative d (t) is bounded " | Jiow (x )sin (60)) (11)
by positive constantDeR", such that ()X
ld(t)| <D, V(t)€[0,). LR o
_ 2w (1,t)(w, (1.1))oc)
F.(t)is the control force on the trolley .
respectively, z(t) is the control torque exerted w (1) ee)
on the hub and similarly F,(t)and d(t) are the +m, | +gw (I 't)COS(_H(t))
control force and the external disturbance on =itw (I,t)sin (6(t))
the payload respectively and by integration by +w o (1,)]
arts and some simplifications equation (8 N -
Ean written as: i ! ©) =7 +ROI+dO!
tjl( x 1)50)d (Pl +m,+m, )ij(t)
o, (x,1)of)dt ..
t, ' +(p|%+mzl)0(t)cos(6(t))
ty . .
[ (oux D)W (x,t))dt (P15 +mat ) ©sin (60))
ttz (10) [w (x,t)cos (6(t))
+j(ag(x t)sr)dt lj —2(w, (x ,t))8)sin (6()) ]
+ol|| .. ) X
: o| —Ow (x ,t)sin(6) (12)
+[(oa(x ) (1,t))dt | —0°(t)w (x,t)cos (6)
; w, (1,t)cos (A(t))
+j(<75 (x,t)sw (0,t))dt =0 —2w, (1,t)dsin (6(t))
+m ..
£ I =dt)w (1,t)sin(6¢))
Lettlng UI(X,I) = 0 y 0-2 (X,t) = O ,GB(X,t) = O _02(t)w (I ,t )COS (H(t))
and o, (x,t) =0, the equations of motion and =F1(£)
the boundary conditions can be obtained as .
following: W (x,t) +7j(t )cos (O(t))
ol —w (x,0)2(t) +Ew =0 (13)
+gsin (O(t)) +6(t)x

YA
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w (0,t) =w, (0,t)=w  (1,t)=0
w (I,t)+7j(t)cos (6(t))

m,| —w (1,t)6%(t) +gsin (6(t)) |- Elw
+a()

=F,t)+d(t)

(14)

XXXX

3. Mathematical Preliminaries

For a better understanding of subsequent
analysis, some lemmas are mentioned as
following:

Lemma 1 (Rahn, 2001). Let u,(x,t), u,(x,t)
e R with x €[0,L] and te[0,0] the
following inequalities hold:

2u,u, < 2|uu,| <u? +u?, Yu,u, R (15)

Similarly, from (1) we can show that:
<=u? +6u’, (16)

1 1
(ﬁulj(ﬁuz) 5
Lemma 2 (Rahn, 2001), (Do and Pan, 2008)
and (Hardy etal., 1959). Let u (x,t) € R with

x €[0,L] and te[0,0] which satisfies the
boundary conditionu(0,t)=0, te[0,0] V
the following inequalities hold:

Uy, | =

Iiz'lfuz(x 1)dx SJLUZX (x,t)dx <
N ’ (17)
|2juzxx (x ,t)dx

0

|
uz(x,t)slfuzx (x,t)dx <
0
| (18)
I3Juzxx (x,t)dx
0
In addition, if u (x,t) satisfies the boundary
conditionu, (0,t) =0, the following inequality
holds:

uz(x,t) < Ijuzxx(x,t)dx (19)

Equalities (15) , (16), (18) and (19) are utilized
through stability analysis to indicate
boundedness of Lyapunov function and its time
derivative. Based on clamped boundary
condition (w(0,t) =0), equality (17) isused in
order to express that during closed-loop
process, all system signals remain bounded.

Assumption 2. Based on kinetic and potential
energy in equations (4) and (6) for proposed
crane system the following properties hold:

Property 1 (Queiroz et al., 1999, 2001). If the
kinetic energy of system is bounded

0" i
Vvt €[0,00) then (Axn)wt(x,t) is bounded
for n=0,1,2 , Vte[0,00)and vx<[0,1] .

Property 2 (Queiroz et al., 1999, 2001). If the
potential energy of system is bounded

Vvt €[0,00) then (a%xn)wx(x,t) is bounded
for n=1,2, vt €[0,)and vx [0,l].

Remark 3. From a strictly mathematical point
of view, one might question the above
boundedness properties. However, from an
engineering point of view, it seems reasonable
to assume for a real physical system that if the
energy of the system is bounded, then all the
signals which make up the governing dynamic
equations will also remain bounded(de Queiroz
et al., 2001)

4. Control design

Based on the control scheme, as shown in
Figure 2 the main achievement of this paper is
relay on designing boundary signals F, , F, and
7(t) , which are cooperatively exerted on

boundaries and hub. Mentioned signals are
employed to analyze the stability of the closed-
loop system which leads to achieving the
control objectives :(i) drive manipulator’s base
to the desired position n,4 (ii) suppress the
transverse vibration of the arm and regulate the
rotational angle i.e., to guarantee w (x ,t) -0



International Journal of Robotics, Vol. 6, No. 1, (2020), F. Entessari, A. Najafi Ardekany, 33-52

and @(t) — 0 in the presence of the unknown

varying disturbances. The following control
laws are proposed:

d(t)
> Actuator on Base L
Boundary . — Gantry
—_—)p I n
Controller e ERRa S > Robot

Actuator on Payload

WL, 8), W (1, 0, We (L, 1), Wt (1, 1), €(8), 11 (2), (1), 6(2)

Figure 2 Block diagram of feedback control of flexible gantry manipulator system based on boundary control strategy

F.t) =—k, (ot))—m,w . (I.t)

(20)
—Elw , (1,t)+m,gsin (6(t))
7(t) =k 6w (1,t)+(p1°/2)gsin (6()) 21)
+m, gw (I,t)cos (6(t))
Fs (t) = _kzﬁ(t) (22)

In which k,,k,,k;and k, are positive control
gains and auxiliary function ¢(t) defines as:

ot)=w, (1,t)+10()

(23)
W, (1.t)+k, sin?(0(t))

Remark 4. In implementing the control laws,
some of the proposed feed backed signals can
be measured by existing sensors and the rest
can be obtained by calculations(He et al.,
2013a). w,,, (1,t)can be measured by shear

force sensor at boundary w,(I,t) and

W (l,t) can be calculated by backward
differencing.,(t) and 7(t)can be obtained by
position and velocity sensors respectively. At

last o(t) and velocity O(t) can be determined
by rotary encoder and tachometer respectively.

In this work the Lyapunov candidate can be
defined as:
V([£)=Vi(0)+V, 1) +V,(t)

Ky vz Ko oo (24)
+7e(t) +7sm (6))

Where g8, ,k, ,k, are positive terms. To

achieve control objectives, we define the base
position set point error e(t). V, is defined

based on the total mechanical energy of the
string. V', is determined based on the kinetic

energy of the base and payload mass and at last
V, is defined in order to competence the

stability procedure .they are defined as:
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(Wt(x ,t)+x9(t)]2

L1 +7(t)cos (0(t))
V,=1/28 dx
v p! J{w(x,t)é(t) JZ ")
—7(t)sin (6(t))

1/2ﬂleIW o (x,)dx

(p(t) +7(t)cos (0¢)))’
V,=12pm, . (W(I,t)é(t) JZ (26)
—n(t)sin (6(t))
+pY2m 7% (t)

V,=8pg ij (x ,t)sin(A(t))dx

| W, (X,t)
+pk, sin(0(1)) || +x4(0) dx (27)
°|+7(t)cos (0(t))
+E I k_sin(@))w (1,t)
w, (x,t)
vV —apIXW (x,t)| +x O(t) dx (28)
0 +7j(t)cos (O(t))

Lemma3. The Lyapunov function candidate
(24) is bounded by positive variables as
following:

E)+ [w,, e +¢7(t)

03/111 <V <
e’(t)+sin’(O(t))+n’(t) (29)
£+ [w,, o+ )
+e?(t)+sin’(0(t))+7°(t)
The auxiliary variable ¢ js defined as:
&) = fw * (x t)dx
° (30)

+_Ifw 2(x,1)0%(t)dx +126%(t)

&)

Proof. Based on equations (16), (25) and

k
adding two positive terms 7”e2,k—29sin2(6?) it
- kp 2 k - 2 -
is concluded that V1+7e +?95|n (6) is
upper bounded as:
OsVl+k—"e2+k—"sin2(0)£
2 2
|
Zﬂpﬁmtz(x,t)dx
0
|
+1,/2,6'J.E|WXX2(X )dx +28pln’cos?(0) (31)
0
|
Bp 2 (x )67 (t)dx + ol 7i’sin® (6)
32 k_p 2 k_e in2
+2Bpl 6% + e +rsin (9)

Bpln? < 2pplrcos?(0)

+Bplr’sin®(0) < 21 Bpr’
based on definition of &£(t) inequation (30) we

By having and

can rewrite equality (31) as:
min(fp, Bpl ) £(t) + B/2 [Ew . *(x t)dx
+fpl 1’ +k7pe2 +k—293in2 (6)<v,
<max(2fp,2fpl ) ()

+,3/2jE|w L2 )dx + 28172

(32)

+k?pe2+k?gsin2(o9)

From definition of V, in equation (10) and
inequality 1) and by having
b ,= Zﬂmax(%mzjandb = Zﬂmin(%mzj

which is positive weighting constant, we can
show that is bounded as following:

b, [ % (t) +72() +w 2(1,£)0%(t) | <V, (33)
<b,[@?(t) + 72 (t) +w 2(1,t)6%(t) |



International Journal of Robotics, Vol. 6, No. 1, (2020), F. Entessari, A. Najafi Ardekany, 33-52

Also in similar manner based on equations (15)
, (16) and (27) it is shown that:

|V3 +V4| <2apl £(L)
1

+apl ijxz(x,t)dx
0

+2apl1°cos? (9) (34)
+Bpg sin® (6(t))

+ 9 jw 2(x,t)dx

Based on relations (17) and (18) it can be
| |

shown [w *(xt)dx <I*fw?, (x,t)dx and
0 0

|
wz(l,t)gl3j'w 2 (x,t)dx respectively. So
0

relation (34) can be rewritten as:
V,+V,|<
4+(kS (p+ E||3)+/3pg|2+ap|)

|

xjw 2 0, 0dx (apl +pk, )E() (35)

0

+4plk 7 +
(pk, + Bpg +El )sin’ (6(t))

By adding equalities (31) ,(33) and (35) based
on defining positive constants as following:

A =min(Sp, fpl)—4(apl + pk,) >0

A, =2max(Bp, Bol)+4(apl + pk,)

A, = B/2El —(ks (p+EI*)+ Bogl? +ap|)>0
A, = B/2El +(ks(p+ EIl*)+ Bogl? +apl)
Furthermore

As =b,+28pl —4l (ap+pk,)>0 and

A =b,+ Bp+4l (ap+ pk,).  Considering,
k

2,7:?9—(/0|(5+ﬂpg +El)>0 and

K
%=?9+(E|+,0ks+ﬂpg), the Lyapunov

candidate function relation (29) is proved.

&y

where Ay =min(A, 4, A, 4,) and
Ao =Max(4,, 4,, 45, A5) are positive constants.

Theorem 1. For the system dynamics
described by (11) , (12) and (13) , boundary
conditions (14), using the proposed boundary
control laws (20), (21) and (22) , if the initial
conditions are bounded, then the system is

regulated asymptotically in the following
sense:

lim lw(x,t)|=0 lim lot)|=0 lim le(t)| =0
Proof. Differentiating Lyapunov candidate
equation (24) respect to time leads to:
V (t) :V.l (t) +V.2 (t) +V.3 (t)

WV, () +k,O(t)sin (0)

The first term of equation (36) can be
represented as:

V(1) = E,(t) + E, (1)

(36)

@37)
In which E,(t),E,(t) can be shown as:
o] {(vvt)(wnmwt)we '_ }dx
o [+7(w, Jcos (6)+(w, )6 (38)
+ ﬂj Elw ,w , dx
I{ﬁiy‘+xéé+w 200

E, = f3p| +ij6xcos (0) +1xcos (6)
° _pé°xsin (6)+
1(w, )cos (6)—n(w,)osin(0) (39)
—ijéwsin (9) —réwsin (6)
—n6(w, )sin (0)
—163wcos (8)+ (W, ) Ox Jdx

By substituting equation of motion (13) into
equation (38) we obtain:
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El(t)=—ﬂ'jElwt(x,t>wxxxx (x,t)dx

+,BI Elw,,w,, dx
(40)
+2 ﬂpjw W §%dx
0

—ﬂp'l[g (w)sin (6(t))dx

By integration by part and from the definition
of auxiliary function ¢(t), equation (40) yields

to:
E, <BEl/2¢(t)?
AW (L)
~PE LI 207 1 K 2sin® (H(t))]

sl (wt(l )+k, sin(&(t))]lé
W, (1L1)

. _Wxxx(l't)
_E|kssm(6’(t))( (1,t) J

—ﬂpj g (. )sin (6(t))dx

(41)

Based on (16), differentiating V,(t) yields to:

w (I,t)
—n()O(t)sin (6())
+16(t)
+7j(t)cos (O(t))
I 10(t)
Wl 't)(+77(t)cos (o))
| +16(t)n(t)cos (6(t)) |
i 3t + i 42
Ié(t)(l 6'(.'[)+77cos (6@)) ﬂ (42)

| —18(t)n(t)sin (0(t))
‘W (w,)6?
+W 2060 —ijw sin (0)
—1w  Osin (0)
| —rw Gsin (0) —rw 6°cos (0)

+B(my+m,)n(t)7(t)

+pmw . (1,t)g° ()
Differentiating V,(t) yields to:

. . Lw, (x,t)+x8(t)

Vi) =(k, HCOS(H));[[W(t)COS(H(t))jdx
w, (x,t)+x6(t)

+(k,sin(9)) [| +i(t)cos (6)) |

"(=nt)ét)sin (6t))

V, =pm,| 4t)

+pm,

| (43)
+pgw, (x,t)sin(O(t))dx

+/3pgjw (x,t)(t) cos (O(t))dx

—E 1 k,Ocos (O)w (I,t)
FE 1k, sin@m)w, (1,t)

By substituting equation of motion (13) into
equation (43) we obtain:
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—E 1w, (X,t)
| | 0?
Vs(t):kssin(g)j ij;lsin (9) &
_pﬁg‘Sin (0)
| L, (x 1) +Xx 6(t)
+k fcos (9)£(+ﬁ(t )cos (6(t)) de

+pg [w, (x sin(O0 ) (44)

+pgo(t)cos (H(t))_l[w (x,t)dx
+ 0049 .I|‘wt (x,t)sin(@(t))dx

+8p9 j[w (x,1)0(t) cos (A(t))dx

~Elk 6(t) cos(a(t))w (1,t)

+BEIk, sin(@)w, (1,t)

Furthermore based on 0<cos (8) <1 we have:

—Elw XXXX (X vt)
Ll +ow 62
k. sin(@) . dx
-C[ —pgsin ()

—p170sin (0)

IA

I
PR o kspélfw 26°dx (45)
o, o
—k pgl sin?(9)
—k, pl76sin? ()
—k.Elw ., (1)sin(8)

k  pbcos (49)1"[\,\/t (1) +X9(t)de <

o +77(t)cos (6(t))
K, pS,0° + %"25 jo w 2 (x ,t)dx (46)
+k,pl 70 6%+, pl () Boos? ()
LpgO(t)cos (H(t))j‘w (x,t)dx <
° (47)

4 1
ppaa )+ 220w, (x tix
0

3

23

In similar way by differentiating V,(t) one can
attain:

| w, (X,t)+
V, = ap_[xw LD xO() dx

+n(t)cos (6(t))
W (x.t) (48)
! +Xx O(t)
+ap.(|).XWX(X 1) +i(t)cos (0()) dx
—ni(t)O(t)sin (O(t))

By substituting equation of motion (13) into
(48) and some simplification yields to:

o W (x,t)
V4:a.[pxth(x,t) +X 6(t) dx
0 +7j(t)cos (O(t))

—-aEl Jl.xwX (x,tyw . (x,t)dx (49)

0

! w 6% + gsin (0
+aIpXWX '+g (6) dx
0 -n6sin(6)

XXXX

Equation (49) can represented as:

V,() = A + A0+ A (50)

which:

Al)= aj'pxw « (X,1)

W (x.t) (1)
+x O(t) dx
+77(t)cos (O(t))

| w 6

A t)= aJ.pXWX +gsin (6) |dx (52)

’ —76sin ()

A,(t)=—-cEl 'If{xwx(x,t)

0
W XXXX (X ’t )}dx
Integrating equation (51) leads to:

(53)
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w 2 (1,t w2
A ) =apl %—apl ‘([Ttdx

|
+apl *6n  —2apl [x 6w dx (54)
0

|
+a [ pxw  (rcos (8))dx
0
Based on relation (16) it can be shown that:
a_[pxw « (6,0 (77(t)cos (O(t)))dx <
0

Py 2 (1)
> (55)

{apl o, +%\/EJ772 (t)cos?(O(t))
o, V3

apl 26w, (1,t)

+2apj[x ow, (x,t)dx <

[am i 2\/Eapa4j92 ® (56)
o 3

X[Z\/gapo-4jﬁNt2(X )dx

+apl’ow 2 (1,1)

By substituting relations (55) and (56) into (54)
it can be obtained:

I« K
Atg_%_z\/:_p_ F
) [2 30, P73

|
X ,t)dx

w

0

|
t)

apl apl
+[T+—+ap|203jwlz(l,t) (57)

0y

[apl 2 +2\/Eap04]éz(t)

o, 3

+[0th0‘1 +%\/§]ﬁz(t)(3052(9(t))
0,

Integrating equation (52) leads to:

A, (t) :“Tp'é?w 2(1,t)
—apézjw %dx (58)
+ajpx W, (gsin (60)—r0sin (6?))dx

By integrating the third part of equation (58) on
can obtain:

oc_lfpxwx (gsin (0)—76sin (0))dx <
—aplnt)otw (1,t)sin (0)(t)

+apl7(t)O(t)sin (a(t))}bv (x ,t)dx
apg [1°_.
o \/;sm (@)

31
+apg 05,[%fN . (x,t)dx
0

Relation (59) also can be rewritten as:

(59)

aljpxwx (gsin (6)—176sin (49))dx <

I
[apl og + OZ_)

7

Jriz(t)sin2 (6))

+apl o,0? (t)le 2(x ,t)dx (60)

+“o'_0' éz(t)wz(l,t)ﬂ\/gsinz(e)

6 Os

31
+apg ol 2\/2‘5/\/ L, (x,dx
0

Based on inequality (60), equation (58) yields
to:
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|
A,t) <—(ap—apl 0'7)6"2'5N 2dx

[ap'2+ JeZ(:)N( t)

61
i jﬁz(t)sinz(e(t)) .

+2P9 \/rsm (0)
o, \3
+apg ol \/7IW o (X, 0)dx

By integrating by parts, A,(t) yields to:
A,(t) =—aElLw (I,t)w . (I,t)

[apl o5+

(X ,t)dx (62)

XXX

L
+aEl J.OWX (x,t)w
+aEl IOLXWXX (x,tw,,, (x,t)dx

By integrating relation(62),
obtained as follows:
A, <—-cElLw, (I,t)w,, (I,t)

A,(t)can be

63
~30El /2] W, (xt)dx (3)

Based on (16) and (19) Relation (63) also can
be rewritten as:

e, 0,0)
s (64)

—qEl (y—lag)j (b

By substituting (57), (61) and (64) into (50),
V', can be determined as following:

A, <

€1

(65)

8

2 3 .
apl +2‘[|—apo-4]6’2(t)
o, 3

+“p' jez(t)/v (1.t)

+[ap| o, +2P \/r}?z(t)cosz (e))
o, \3

apl jn (t)sin?(O(t))

Jrﬂ4 [l—sin2 (0)
o, 3

By introducing following relations as follows:

(apl o, +%\/§Jﬁz(t )eos?(6(t))

2
+(ap| o, + ! }ﬁz(t)sinz(é?(t)) (66)
o7
< A(57’sin?(8) +1j’cos® (0)) < A7j’
In which
3 2
A= max[apl o, +%\/E,apl o+ ap) ]
o, \3 o,
and also:
By substituting equations (64), (65) and (66)

into (36), then we have:
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_aEI (35-10,)

|
2
- e |4 IWXX (x,t)dx
_apgo-slz 3_’8’% 0

—(ap—aplo, -k, ps,)0°(t)

xj[w 2(x,t)dx

(B it

xIWtZ(X,t)dX
0

(67)
—(Bk,— BEI/2)p(t)’

BEII? |2 E
k,+ —ap| —+2,|—
ﬂ 2 2 P 63 30-4

L K

2
—ksp5z—ksp'é—ﬁp953

1

N 72 PR
-| Pka—ap . jﬁ tw*(l.t)

6%(t)

C(PEL GENY o,
2 Gg ]Wxxx (l't) (ﬂk4 /1)77
PEl  apl apl

122 e e ()

~| k% +k_pgl - “pg\f]sm )
o, \3

The positive parameters
Ky =Ky Ky Kgy Koy K, 045,07 4, @, and B

are determlned in order to fulfill following
relations:

= aEl (y—las)

~apgo

1A%

v, =ap—aplo, —k po, >0

3
b, 2P _zﬁ%
2 3 o,

v, =k, — BEI/2>0

_ gk, + BEV

1° I3
—op| —+2
o, 3

k
+%—ksp52

1

2
k01"~ ppys, >0

v, :ﬂks—aplz—a—pl>0

Og
8:ﬁﬂ_aEll 0
2 Oy
vy =pk,—1>0
Um:ﬁEI _apl _apl —apl’c>0
2 2 o,
Ull:,BEI _apl _apl —apl?c,>0
2 2 o,

3
v, =k2 +k_pgl —“;’g \E>o
5

(69)

(71)

(72)

(73)

(74)

(75)

(76)
(77)

(78)

(79)
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Also relation (67) implies that
a(t)
|

V' <=2y | +[w?, (¢ t)dx . in which
0
+@?(t) +77(t)° +sin*(0)

A1 positive constant by  definition

Ay =min(v,0,,0,,...,0;, ). Also there exist

)+ lw o D)X +42() ounded.

is
+e? +7(t)? +sin*(0)

Because all terms are all positive, then
E(t), w2, (x,t), g2t)and  n(t)’are  all
bounded, based on boundedness of&(t),
w, (x,t), O(t)are bounded Wt e[0,)and
Vvx €[0,1]1. So boundedness of the total
mechanical energy of the string system is
obtained. From properties 1 and 2, w (X ,t)

and w__ (x,t) are bounded Vvt [0,)and

XXXX

vx €[0,1]. From equation of motions (11),

(12) and (13) it will be concluded thatw , (x ,t)

,7i(t) and () are all bounded vt e [0,0) and
vx €[0,1]. Based on all above statements it

can be concluded that the controls signals are
bounded and all the signals in closed loop
system remains bounded.

5. Simulation Results

Based on finite difference method, the solution
for proposed system which has been described
by (11), (12) and (13) with the boundary
conditions (14) is approximated. This method
provides an accurate process for solving
differential equations (He, He, et al., 2015).
Consider proposed system excited by boundary
disturbance d(t)=0.1sin(0.1zt) with initial

conditions g, =40°, 5,=0 ,w(x,0)=0 and
W, (x,0) =0. The objective of this section is to

demonstrate the performance of the proposed
control laws (20), (21) , (22) and disturbance
observer. The other specifications are
presented in Table 1.

Table 1. Gantry manipulator specifications

[Formmeter L Demm e

I Length of manipulator 0.8m
m, Mass of base 5 kg
m, Mass of tip payload 4 kg

P Uniform mass per unit length 0.2 kg/m
El Bending stiffness of manipulator 8 Nm?

I Inertial of the hub 0.3 kg / m?
N4 Desired position 1m

In order to evaluate the control performance,
two cases are compared. First, the behavior of
the system without control inputs is shown.

Then the effectiveness of proposed control
inputs is illustrated by applying them to the
system. The manipulator position, the three-

¢A
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dimensional representation of the transverse
vibration of the manipulator, the deflection of
the four equi-distanced points on the link, and
the angular position are shown in Figures 4-7
respectively. This implicates that the system is
thoroughly unstable in the absence of feedback
control inputs.

0 1 2 3 4 6 7 L} 9 10

5
t(s)

Figure 3. Manipulator position without control

).$ 0 -
x(m) t(s)

Figure 5. Transverse displacement of flexible
manipulator without control

As it is shown, due to boundary disturbance,
the manipulator position is far beyond the
desired position and the angular position is far
away from regulation point. Moreover, the
flexible manipulator is subjected to the large
vibrations relative to its length which cannot be
ignored.

Figure 4. The deflection of the four equi-distanced
points on the link without control

¢q

o(t)

0 1 2 3 i 5 6 7 8

Figure 7. The angular position of flexible manipulator
without control

In the second case, in order to reach the control
objectives and guarantee the best performance
of the controller, the simulation performed by
applying proposed control laws with proper
parameters. Mentioned control gains are taken
cautiously by a large number of trials.
Furthermore, they must satisfy relations
0, 41,0, ¢ and (29) which all lead to reach the

best performance of the controller.

Accordingly, the proposed parameters are
chosen asp=3, «=001, k,=0.02,

k,.=001, ¢,,=10, o,=1, ¢,=0.52,
05=98, 0, 4=1, 0,=01, 6,=1, 5,=26,
0,=124, ¢6,,.=1, k =1100, k,=7,
k,=15, k, =1, k, =70 and k, =260.

Figure 8 shows that the system is driven to the
desired position within 6 seconds. It is
noticeable, the deflections due to the
vibrations, are suppressed as a result of the
feedback proposed control inputs shown in the
figures 9-10. Moreover, according to Figure 11
the angular position is greatly regulated within
7 Sec.

0 1 2 3 4 3 6 7 8 9 10
1s)

Figure 5. Manipulator position with control
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w(m)

0.6 <5 4

08 0
X(m) t(s)

Figure 6. Transverse displacement W (X ,t) of flexible
manipulator without control

—wi025L)

—w{ll5L)
wil.7iL)

—wil)

0 2 3 4 § 9 10

j
1is)

Figure 7. The deflection of the four equi-distanced
points on the link without control

0 " N 3 4 5 6 7 8 9 i
ts)

Figure 8. The angular position of flexible manipulator
without control

6. Conclusion

In this paper, based on Hamiltonian,
dynamic PDE-ODE representation of a flexible
gantry robot manipulator under time-varying
boundary disturbance with rigid body
nonlinear large angular position and translation
has been derived. In order to achieve precise
locating of system, a new boundary control
procedure has been introduced based on the
original hybrid PDE-ODE dynamic modelling
without any simplification in which all
nonlinearities and gravitational force has been
considered. Indeed, based on a novel proposed

control schemes, by designing boundary
control laws and boundary disturbance
observer, transverse vibration and nonlinear
angular position have been regulated with
exponential decay rate, manipulator steered to
the desired position, and boundary disturbance
has estimated simultaneously. Based on the
Lyapunov direct method, the ultimate
boundedness of closed-loop system has been
achieved. Numerical simulations illustrate the
effectiveness of the nonlinear proposed
controller and observer.
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