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ABSTRACT

Various structures for the spherical parallel robots have been proposed.
The 3-RRR Spherical parallel robot and its specific structures like Agile
Eye/Wrist is one of the most famous spherical parallel robots. In this
article, a new approach is proposed for modeling the direct kinematic
problem of this robot to obtain all assembly modes. Utilizing the spherical
geometry of the robot, two coupled trigonometric equations are obtained
using the angle-axis representation. Next, the two coupled equations are
solved using Sylvester’s elimination method which leads to a polynomial
of eight degrees. Finally, two examples are provided which have eight real
solutions (assembly modes) and confirming the assembly modes is
performed by a commercial modeling software package. The eight real
solutions can be concluded that the degree of the obtained polynomial is
the minimum and the proposed modeling is optimal. The presented
algorithm is very valuable for direct kinematic analysis of the spherical
parallel manipulators due to its straightforward implementation and
simplicity. The step-by-step and conceptual approach of the presented
method is also applicable to various parallel structures.
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1. Introduction

Many industrial applications require orientating
a rigid body around a fixed point such as; orienting
a tool or a workpiece in machine tools, solar
panels, space antenna and telescopic mechanisms,
flight simulator mechanism and camera devices. A
spherical manipulator is one in which the end-
effector is moved on the surface of a sphere. In
other words, the end-effector can rotate around any
axis passing through a fixed point, the center of the
sphere. Therefore a spherical manipulator can be
used as a device to orient the end-effector[1-11].

Applications of such robots can include
mechanisms for determining the direction of
machine tools or workpieces, solar panels, space
aerials and telescopic mechanisms, simulation of
three degrees of freedom systems, functional test
of an autopilot of a rocket, rehabilitation robot for
the wrist, ankle and shoulder. Generally, rigid
body orientation without any changes in its
position is required in many technical applications.

Various structures for spherical parallel robots
have been proposed. Alici and B. Shirinzadeh [13]
proposed a spherical parallel robot with structure
3SPS-S. The branches of this robot are the same
and each branch is composed of SPS joints. In
each branch, a spherical joint is attached to the
fixed base and another spherical joint is connected
to the moving platform. These spherical joints are
non-actuating. The moving plate is also connected
directly to the fixed plate by a non-actuating
spherical joint. In this robot, prismatic joints of
each branch are considered as actuator joints.

C. Innocenti and V. Parenti-Castelli [13], J.
Enferadi[14], K. Wohlhart[15] and R. Vertechy
and V. Parenti-Castelli [16] studied the spherical
parallel robot with structure 3UPS-S. The
branches of this robot are the same and each
branch is composed of UPS joints. In each branch,
the universal joint is attached to the fixed base and
the spherical joint is connected to the moving
platform. These joints are non-actuating. The
moving platform is directly connected to the fixed
platform through a passive spherical joint. Also,
the prismatic joints in each kinematic chain are
regarded as active joints.

R. Di Gregorio [17] proposed a new spherical
parallel robot with a 3-RRS structure. The robot
consists of identical branches, with each branch
comprising RRS joints. In each branch, a revolute
joint is attached to the fixed base and a spherical
joint is connected to the moving platform. All the
revolute joints of this robot are on a hypothetical
sphere. The rotational axes of all the revolute
joints pass from the center of the sphere. In this
robot, the revolute joints that are connected to the
base are considered as actuator joints. M. Karouia
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and J.M. Herve [18] proposed an asymmetrical
parallel robot. The connection arrangement of each
branch of this robot is different from its other
branches. In the first branch, there are three
revolute joints in which their axes pass from one
point. In the second branch, there are three
prismatic joints and a spherical joint. The axes of
the two prismatic joints are perpendicular to each
other and each one moves along one of the axes of
the Cartesian system. The third branch consists of
two revolute joints, a prismatic joint and a
spherical joint. In this branch, the rotation axes of
the two revolute joints pass from one point.

The most famous spherical parallel robot was
first studied by C.M. Gosselin [19, 20]. This
spherical parallel robot has a 3-RRR structure. The
branches of this robot are the same and each
branch has RRR connections. All the revolute
joints of this robot are placed on a hypothetical
sphere. The rotational axes of all joints pass from
the center of a sphere. In each branch, the revolute
joint that is acts as actuator is attached to the fixed
base and the remaining joints are non-actuating.

Unlike spherical serial robots, the direct
kinematic problem in parallel robots is complex
and difficult and an identical method for solving
the direct kinematic problem cannot be presented.
For this reason, the use of innovative methods
which reduce the degree of equations and simplify
its coefficients is of great importance. Therefore,
the direct kinematic problem of these types of
robots has always been of interest to various
researchers. One can mention solving the direct
kinematic problem of spherical parallel robots by
L. Temei [21], R. Vertechy [16], H. R. Daniali
[22], C.M. Gosselin [19], J. Enferadi, A.
A.Tootoonchi [23, 24], J. Enferadi and A. Shahi
[25].

For the first time, the solution to the direct
kinematic problem of a spherical parallel robot, 3-
RRR, was performed by Gosselin [19].
Subsequently, other methods have been proposed
to solve the direct kinematic problem of the robot
[26, 28]. Also, for the first time, a specific
recombination of the 3-RRR spherical parallel
robot, called Agile Eye, was suggested in [29].
Thereafter, various investigations into the Agile
Eye/Wrist mechanism were also carried out by
other researchers and solving the direct kinematic
problem was also considered [30].

In this paper, at first, the 3-RRR spherical robot
and the geometric parameters of the robot are
introduced. Next, the presented methods by other
researchers to solve the direct kinematic problem
of the robot are evaluated. After introducing the
Angle-Axis representation approach, step-by-step,
the modeling of the direct kinematic problem of
the 3-RRR spherical parallel robot will be
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considered. The use of a moving local coordinate
system attached to the middle link of the first
branch of the robot is one of the essential steps in
the modeling process. Ultimately, this modeling
leads to the formation of two trigonometric
equations, which are converted into an eight-
degree polynomial equation using Sylvester's
elimination method. Finally, to validate the
obtained equations, two case studies are presented
for direct kinematics analysis of the robot.

2. Introducing the 3-RRR spherical parallel
robot

According to Fig. 1, the robot consists of a
spherical triangle as a fixed base, P, a moving
spherical triangle as the end-effecter, M, and three
branches. Each kinematic branch of this robot
includes Revolute- Revolute- Revolute joints. For
pure rotation of moving spherical triangle around a
fixed point, all axes of the joints must pass through
one point, which is the center of the sphere.
Without loss of generality, the radius of the
spheres that include fixed base, end-effecter,
actuators and middle links can be considered equal
to one. The dimensions of the fixed base spherical
triangle are characterized by central angles g;,
(¢P,0P, = B,, £P,0P; = B, and 2P;0P; = (35).
The unit vector u; that shows the direction of the
axis of the actuator joint is defined in the direction
of OP;. The unit vector v; that shows the rotational
direction of the middle links is defined in the
direction of OA;. The length of the P;A; actuator
link is defined with the central angle a; that can be
expressed asulv; = cosa;. The direction of
revolute joints connected to spherical triangle is
also shown with the vector w;. The length of the
A;M;, non-actuator link, is alos shown with the
central angle y; that can be expressed as v] w; =
cos i;. The dimensions of the moving spherical
triangle, M;M,M;, are also determined by the
central angles A;, (¢M,0M, = A,, £M,0M; = A,
and ZM;0M; = 13).

Middle

link
Actuator

link
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Figure 1. CAD model of a common 3-RRR spherical
parallel robot

3. Problem statement

The main goal of solving the direct kinematics
problem of a 3-RRR spherical robot is to obtain
the orientation of the moving spherical triangle of
the robot or the direction of the unit vectors w;.
The recent methods that have been used to solve
the direct kinematics of this class of robots can be
categorized as follows,

a) Using three unit vectorsw; (i = 1,2,3) as
unknown:

In this method, the direct kinematic problem has
nine unknowns which are components of three unit
vectors in the fixed coordinate system. Therefore,
nine equations are formed as follows

w!v; = cosy; for i=1,23 1)
w/w; ., =cosi; for i=1.23 2)
wiw; =1 for i=1,23 3)

According to the above equations, equation (1)
consists of three linear equations and equations (2)
and (3) contains six equations of degree 2.
Converting these equations using an eliminating
method (for instance Sylvester’s or Bezout’s
method) into a polynomial with one unknown
parameter leads to a polynomial of degree 64
which is really difficult to solve. Moreover,
solving such equations will lead to complex
answers. In [26], the direct kinematic equations of
the robot have been solved using this method. To
solve the system of equations created by relations
(1) to (3), the “fsolve” command of the MATLAB
software and the initial prediction of the answers
are used.

b) Using Euler’s angles of the moving spherical
triangle as unknowns

In this method, a local coordinate system
attaches to the moving spherical triangle. The unit
vectors w; are determined in local coordinate
system and can be written in fixed coordinate
system {B} using three Euler’s angles as follows,

(4)

Where Mw; is the components of the w; vectors
in the local coordinate system {M} and ZR is the
rotation matrix of the local coordinate system {M}
relative to the fixed coordinate system {B}. By
substituting w; in equation (1), three trigonometric
equations are obtained in terms of the three
unknown Euler’s angles. These three trigonometric
equations can be converted to a polynomial
equation of degree 16. However, as suggested in

w; = ERMw;  for i=123
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[19], local and fixed coordinate system can be
considered in such a way that one of Euler’s angles
is equal to the central angle of the middle link. In
this case, the matrix 2R can be written only in
terms of two unknown angles. Using this method,
the final polynomial degree can be reduced from
16 to 8.

¢) An approach based on input/output (1/0)
equations of spherical four-bar mechanism

In this method, the 3-RRR spherical parallel
robot is divided into two spherical four-bar
mechanisms while the output of one of these
mechanisms is considered as the input of another
mechanism [27]. The obtained equations are based
on two unknown angles that can be determined by
the orientation of the moving spherical triangle. In
the paper, the values of these two unknown angles
are obtained as semi-graphic. However, the paper
mentioned a number of mistakes in the formulation
of formulas as well as in numerical examples
which were then corrected by the authors
themselves [31].

In this paper, the problem of direct kinematics
of the 3-RRR spherical robot will be invetigated
and a new method for the general structure of this
spherical robot will be presented. The main feature
of the proposed method is its simplicity and the
use of the angle-axis representation which will be
explained in the following sections step-by-step.

4. Angle-axis representation

Before the kinematic analysis, the rotation
matrix proposed by Rodriguez [32] is introduced.
Rodriguez showed that a rotation matrix can be
defined as follows,

R(e,0) =I343+ (1 —cHE? +sOE (5)

Where e is the unit vector representing the axis
of the rotation and the angle 6 represents the
amount of this rotation around the unit vector e.
Also, the matrix E is an anti-symmetric matrix
which is defined using the vector e as follows,

0 —-e, ¢
E = [ e, 0 —ex]
ey e 0 (6)
Where e,, e, and e, are the components of the
unit vector e in the Cartesian coordinate system.
Now, consider the vector v which is transferred by
the matrix R(e, 6). The newly transferred vector v’
can be written as follows,

vV =R(e,)v=v+(1—-cOE*v+sOEv (7)
The above equation can be written as follows,
vV =v+(1—-cO(ex(exv)+sO(exv) (8)
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Where x stands for external multiplication, we
also know that,

ex (exv) =e(eTv) —v(eTe) =e(eTv) —v (9)
Therefore,

vV =v+(1l-ch)(e(eT™v)—v)+s0(exv) (10)
Finally, it can be written,

vi=cOv+(1—-cBeeTv+sh(exv) (11)

Therefore, the linear operator of the rotation
matrix can be written as follows,

R(e,0) =cOI3;+ (1 —cHeeT +sf8ex (12)

The above equation is a special form of the
Rodriguez formula that is equivalent to the angle-
axis representation [33].

5. Direct kinematic solution of the spherical
parallel robot 3-RRR

In solving the direct kinematic problem of a 3-
RRR spherical parallel robot, the goal is obtaining
the unit vectors w;in the fixed-coordinate system
{B} with the known variables of the inputs (6;)
and the constant values of §;, a;, y; and 4;. For
this purpose, the new approach to solve the direct
kinematic problem of the robot is described step-
by-step as follows.

Step 1: Introducing the fixed coordinate system

In the first step, the fixed coordinate system
{B} is defined according to the unit vectors u, and
u, (See fig. 2). Without loss of generality, we
consider xgaxis in the direction of the unit
vector u,. Therefore, the unit vector wu; in the
fixed coordinate system is defined as,

Xp = u = [1 0 O]T

(13)

Axis zgp of the coordinate system {B} is
perpendicular to plane OP,P, using the unit
vectors u, and u, as,

u; X uy
Zp = ——
lluy X uyll

(14)

The y; axis of the fixed coordinate system {B}
is also defined using the right-hand rule as,

u; X u,
Ye=Ev oo
llay X uyl|

X (15)
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Figure 2. The unit vectors and the first branch of a 3-
RRR spherical parallel robot

Step 2: Obtaining the unit vectors v; in terms of
rotation angles of motor

Consider the initial position of the i"" link as the
P;A; arc is on the plane OP;P;,, and point 4; is on
arc P;A; (along P; to P;,;). To obtain the unit
vector v;, first, the vectors r; and t; are defined as,

= U; X Ujpq
E g X ugy |l (16)
t = u; Xv;
g x vl (17)

According to figure 2, by rotating the unit
vector r; about the unit vector wu; in the positive
direction as far as the angle of rotation of the
motor 6;, the unit vector t; is obtained as,

t;=R(u;, 6)r; = c;r; + (1 -cHuur;

+s6;u; Xr; (18)

Since the unit vectors w; and r; are

perpendicular to each other, the above equation
will be simplified as,

ty tz]T (19)

ti=cO;r; +s6;u; Xr; = [tix

Now, by rotating the unit vector u; about the
unit vector t; in the positive direction as much as
a;, the unit vector v; is obtained as,

Vi = R(ti, ai)ui =Cca;u; + (1 - cai)titiTui
+sa;t; X u; (20)
Since the vectors u; and t; are perpendicular to
each other, the above equation will be simplified
as,

Viy Viz]T (21)

v, =ca;u; +sa;t; xu; = [Vix

Step 3: Defining the moving coordinate system
{A}

In this step, the moving coordinate system {A},
which is connected to plane 0A;M;, is defined.
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The axis x, of this coordinate system is considered

to be along the unit vector v; as,
(22)

X4=V

The axis z, of the moving coordinate system

{A} is considered to be perpendicular to
plane 0A; M, and is defined as,
Vi X Wy
Zy=my = ————
4 ! [lvy X wl| (23)

The axis y, of the coordinate system {A} is
also defined using the right-hand rule as,

(24)

Ya=my X Vy

Step 4: Defining the unit vectors v4, wy and my in
moving coordinate system {4}

According to Fig.2, we can easily show the
vectors v;, w; and my in the moving coordinate
system {A} as,

x4 = vy =1[10 0] (25)
z,=*m; =00 1]" (26)
AW1 = [cpy sy 017 (27)

Step 5: Obtaining the unit vector s, in coordinate
system {4}

Now, by rotating the unit vector m, about the
unit vector w; in the positive direction as much
as ¢, the unit vector s, is obtained as,

s; =R(wy,o)m; =com,
+ (1 -co)w,wim,
+spw; Xmy

(28)

Since the vectors w; and m, are perpendicular
to each other, the above equation will be simplified
as,

(29)

S1=Ccem; +sew; Xmy

Substituting the unit vectors w,; and m, from
(27) and (26) in the above equation, the unit vector
s; can be written in terms of ¢ in the moving
coordinate system {A} as,

A, = [sms@ —csep  cp]T (30)

Step 6: Obtaining unit vector s3 in coordinate
system {A}

According to Fig.2, we can easily obtain the
unit vector s; by rotating the unit vector —s, about
the unit vector w, as much as y,. Therefore, it can
be written using the angle-axis representation
formula as,
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s3 = —R(Wy,¥1)s1 = —cy1 8y
-1 —cy)wiwis,
—SYy1 Wy XS

(1)

Where y,is the angle between the two planes
OM;M,and OM;M;. Since the unit vectors w;
and s, are perpendicular to each other, the above
equation will be simplified as,

(32)

S3 = —Cy181 —SY1 W1 X8

Substituting the unit vectors w; and m, from
(30) and (27) in the above equation, the unit vector
s; can be written in terms of ¢ in the moving
coordinate system {A} as,

“CY1SULSP — SY1SH CP

Asy = | cracuase + syicpicp
SY15¢ — Cy1c9 (33)
Where y; is obtained using the spherical

geometry according to Appendix A.

Step 7: Obtaining the unit vector w, in the
moving coordinate system {4}

According to Fig.2, the unit vector w, can be
easily obtained by rotating the unit vector w,
about the unit vector s; as much as A,. Therefore,
it can be written wusing the angle-axis
representation as,

w; = R(sq,A)w; = cAywy
+ (1 —cAy)s;sTwy +sA;s;
X Wy

(34)

Since the wunit wvectors w; and s; are
perpendicular to each other, the above equation
will be simplified as,

(35)

Wy = cAy Wy + 54181 X wy

The above equation can be rewritten in the
moving coordinate system {A} as,

A

(36)

w, = cA; 4wy +s4; 4s; x wy

As Asjis in terms of unknown angle ¢,
therefore, “w, in the moving coordinate system
{A} is also obtained in terms of the unknown
parameter ¢. Substituting “s, and 4w, from (30)
and (27) in the above equation, it will be
simplified as,

cAicpy — shysuycp
Aw, = [C/llsul + S/llculc(p]

sA1S¢ (37)

Step 8: Obtaining the unit vector w; in the moving
coordinate system {4}

According to Fig.2, the unit vector w; can be
easily obtained by rotating the unit vector w,
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about the unit vector —s; as much as Aj.
Therefore,
w3 = R(=s3,13)w;
=CcAz Wy
+ (1 — cA3)s3sTw,
—SA383 X Wy
(38)
Since the unit vectorsw, and s; are

perpendicular to each other, the above equation
will be simplified as,

(39)

W3 =CAz3W; —SA3S3 X Wy

The above equation can be rewritten in the
moving coordinate system {A} as,

A

(40)

w3 = cAy wy — 5153455 x 4wy

Since “s, is in terms of unknown angle ¢,

therefore, “w, in the moving coordinate system
{A} is also obtained in terms of the unknown
parameter ¢. Substituting “s; and 4w, from (33)

and (27) in the above equation, it will be
simplified as,
AW3

cAzcpy + SA3SU SY1SQ — SA3Sp1CY1CP

= [cAzspy — sAzcuy Sy 5@ + sAzcpicy c@

SA3CcY15¢Q + SAzSy1cQ (41)

Step 9: Obtaining the rotation matrix ER in terms
of unknown angle i

As the values of the unit vectors v; and u, are
known in the fixed coordinate system {B} and
since the unit vector t; and plane OP;A; are
perpendicular to each other, the unit vector m; can
be easily obtained by rotating the unit vector t,
about the unit vector v; as much as . Therefore,
we can write,

m; = R(vy, Pty =cyt; + (1 — cy)vyvity
+syPpvy Xty (42)
Since the unit wvectorst; and wv; are
perpendicular to each other, the above equation
will be simplified as,

m; =cyty +sypvy Xty (43)

On the other hand, by replacing u; from
equation (12) and r; =[0 0 1]7 in equation
(19), the unit vector t; is given in terms of the
rotational angle of the first motor 6, as,

t;=cOir, +s6u; xr; =[0 —s6; c6;]7 (44)

Substituting the unit vectors u; and t; from
(12) and (44) in equation (21), the unit vector v,
can be written in terms of the known parameter 6,
as,
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Vi =ca;u; +sa;t; Xug
=[ca; sa;cO, sa;s6;]T (45)

Now, substituting the unit vectors t; and v,
from (44) and (45) in equation (43), the unit vector
m, can be obtained in terms of unknown
parameter v in the fixed coordinate system {B} as,

saysyP
m; = [—591C1/) - cBlcalslp]

cO,cp—sB;cay sy (46)

Therefore, the unit vector m,; obtains in terms
of . On the other hand, it can be written
according to equations (22), (23) and (24) as,

(47)

RR =[v; (mgXvy) my]

Therefore, BR will also be written in terms of
the unknown parameter 1,

SR
ca, —sa cyY sa,sYP
= |sa,c0; cOica;cp—sO;s¢Y —sO,cy — cOica;sYP
sa,;50; sOicacPp+cBisyp  cOcp—sbB ca,syP

(48)

Step 10: Obtaining the unit vectors v, and v; in
the fixed coordinate system {A}

Since the unit vectors v, and v; are specified on
the fixed coordinate system {B}, therefore, their
description on {A} can be done using ER as,

B _ Bp A A _ (ApT\ B
v, = BR%v, = v, =(4R")By,

(49)

By; = BRAv; = vy = (8R7) Bvg (50)

As BR is in terms of unknown angle,
therefore, v, and “v, are also obtained in terms
of the unknown parameter .

Step 11: creating two trigonometric equations in
terms of ¥ and ¢ parameters

In this step, based on the value of the central
angle of middle link y, , and obtained unit vectors
Aw,, “w; and“v,, “v; in terms of unknown
angle ¢ andi, respectively, two trigonometric
equations can be written as,

Wy =clp = v Aw, = cpp (51)
viwg =cpu; = v Aws = cg (52)

Substituting equations (37), (43), (49) and (50),
in the above equations, two trigonometric
equations are obtained in terms of unknown
angle ¢ and  as,

(83)
(54)

p1Siny + pycosp +p3 =0
paSiny + pscosy + pg =0

where,

44

pj = q1;Sing + qz;cosp + qs; (55)

In which the coefficients q,;, q,; and q3; are
given in Appendix B.

Step 12: Convert two trigonometric equations to
two polynomial equations

For converting the two trigonometric equations
(53) and (54) to two polynomial equations, the
following replacement must be done in equations
(53) and (54).

. 2t _1-t2 .
siny = oo cosyp = oz Sing

2

=i S0 =g (56)
where,
t =tan(yp/2) , s=tan(p/2) (57)
Therefore, equations (53) and (54) can be
represented as,
Ejt? +Ext+E;=0 (58)
Est? +Est+E¢=0 (59)
where,
Ej = Fy;s* + Fyjs + F3;j (60)

Step 13: Converting the two nonlinear polynomial
equations to one polynomial

In this step, using the Sylvester’s elimination
method, the variable ¢ is eliminated from equations
(58) and (59). For this purpose, we multiply the
Eg. (59) in E; and Eqg. (58) in E, and subtract one
from each other. We also multiply the Eq. (59) in
E; and Eq. (58) in E and subtract from each other.
Then two recent equations can be written in the
following matrix,

E,Es — E,E,

E3E, — E;Eg s E3E4] [ﬂ = [8]

The above equation shows a linear equation
system in terms of t and 1. Therefore, the
determinants of the matrix of coefficients must be
zero. Therefore, the final polynomials will be
obtained from the following equation,

(E1Es — E2E4)(E3Es — E3Ee)
+ (E1E6 - E3E4)2 =0 (62)
This polynomial is based on the parameter s
and is of order eight, which is written in the
following general form.

8
Z NpsP =0
p=0

(63)
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in which its coefficients are based on the fixed
geometric parameters of the robot and variable
parameters of the robot motors.

Step 14: Obtaining the two angles ¢, ¥ and the
unit vectors w;

By solving Eqg. (63), we can obtain the value of

its corresponding angle ¢ using the values
obtained for the parameters as,

@ = atan2(2s,1 — s?) (64)

By specifying the values of ¢, we can calculate
the vectors “w; according to the previous
equations. Also, by inserting the value of ¢ in
equation (53) and (54), we can easily obtain the
values siny and cosy and compute the value of

the angle o as,

Y = atan2(siny , cosy) (65)

By calculating i, we can also compute the
rotation matrix §R using Eq. (48). Finally, the unit
vectors w; is obtained in the fixed coordinate
system {B} and solving the direct kinematic
problem of the robot will accomplish as follows,

(66)

_BpA
w; = 2R "w;

6. Case study

In this section, by representing two examples,
the solutions of the direct kinematic problem of a
3-RRR spherical parallel robot are obtained and it
is shown that the proposed method is an optimal
method for solving the direct kinematic problem of
the robot. In direct kinematics problem, the
constant values of B;, a;, 1; and A; represent the
geometry of the fixed spherical triangles, the
actuated links, the middle links, and the moving
spherical triangles, respectively. Also, the variable
parameters of the actuators 6; are known as inputs.
To determine the orientation of the moving
spherical triangle as previously mentioned, two
angles 1 and ¢ must be obtained. In the following
examples, details of the calculation will be
described.

6.1. Case study 1

Consider the angles of the fixed spherical
triangle are equal to B, =p, =5 =110°
Therefore, the unit vectors w; in the fixed
coordinate system {B} will be as,

u; =1 0 0]
u, = [—-0.3420201431 0.9396926209 0]7
u; = [—0.34202014 —0.48845538 0.80276619]T

Using the above vectors, the unit vectors r; are
also calculated in the fixed coordinate system {B}
as,

45

rn=[0 o0 1]7
r
=1[0.802766191 0.292182998 0.519803363]7
r; =[0 0.8542859370 0.5198033639]"
Consider value of the motor rotation as 6; = 6, = 65 =

15° and using the derived vectors obtained above, we
can calculate the vectors t; as,

t;=[0 -0.2588190451 0.9659258263]7
t
=[0.90183415 0.32824078 0.28098602]T
t3
=[-0.24321034 0.87119053 0.42646896]T

Next, consider the length of the actuated links as
a, = a, = az = 70°. The unit vectors v; are obtained
as,
Vi
=[0.34202014
V2
=[-0.36509468 0.23108663 0.90183415]7
V3
=1[0.73595619

Also, consider the values A, =1, = 13 = 70°
for the moving spherical triangle and using
spherical geometry in accordance with Appendix
A, the angle y; = 75.24° will be obtained. Finally,
substituting the values u; = u, = u; = 80° for
the middle links and using the above obtained
parameters, we can calculate the coefficients of the
polynomial of Eq. (63) as presented shown in
Table 1. Therefore, we can obtain the values of the
angles ¢ and 1 from relations (64) and (65) easily
as shown in Table 2. Finally, according to step 14,
we can obtain the unit vectors w; as shown in
Table 3. The assembly modes related to these eight
solutions are also shown in Figures 3 through 10.

—0.90767337 0.24321034]"

—0.12065949 0.66619049]"

Since in this example, for the polynomials of
degree eight of equation (63), eight real solutions
were obtained, therefore, the polynomial degree
obtained in equation (63) can be said to be
minimal and optimal.

Table 1. The obtained coefficients N,, (p=0-8) for case
study 1

Coefficients Value Coefficients Value
Ny 0.3482 Ng 8.5128
N, 0.2918 Ng -8.8615
N, -9.8783 N, 0.8485
N; -13.0312 Ng 0.0177
N, 17.9584

Table 2. Values of the angles ¢ and 1 for case study 1

Configuration No.

(Assembly modes) ¢ i
1 —-96.3132° —148.0752°
2 —23.8573° 141.7683°
3 164.9933° 118.6045°
4 102.7414° —97.5969°



International Journal of Robotics, Vol.9, No.1, (2023) J. Enferadi et al.

5 119.7667° 74.6923° 8 21.0732° —18.6279°
6 —177.9814° —69.1063°
7 —51.3827° 51.5286°

Table 3. The assembly modes w; for case study 1

Configuration No.

(Assembly modes) W1 W2 W3
1 [0.8448 0.0163 —0.5348]" [0.7736 —0.2678 0.5743]" [0.2829 —0.9333 —0.2210]"
2 [0.7863 —0.2557 0.5624]" [-0.1314 —0.9179 0.3745]" [0.5735 —0.6553 —0.4916]"
3 [0.5024 —0.2219 0.8356]" [0.6074 0.7557 0.2448]" [-0.3804 0.5079 0.7729]"
4 [0.1817 0.3673 —0.9122]" [-0.7262 0.6347 —0.2641]" [0.3274 0.9423 0.0697]"
5 [-0.1849 —0.0023 0.9828]" [0.8533 0.1137 0.5089]" [0.0610 0.9303 0.3617]"
6 [-0.2706 0.5118 —0.8154]" [0.3075 0.9487 0.0739]" [0.7939 0.1491 —0.5894]"
7 [-0.5163 0.1605 0.8412]7 [-0.9738 —0.1609 —0.1605]" [-0.2737 —0.8724 0.4050]"
8 [-0.8175 0.5473 —0.1790]" [-0.8120 —0.5836 0.0134]" [-0.5092 0.1420 0.8489]"

M; P ~ £

Figure 3. Assembly mode No.1 of Figure 4. Assembly mode No.2 of Figure 5. Assembly mode No.3 of
case study 1 case study 1 case study 1

p,

12

Figure 6. Assembly mode No.4 of Figure 7. Assembly mode No.5 of Figure 8. Assembly mode No.6 of
case study 1 case study 1 case study 1
Py

M3 M

Figure 9. Assembly mode No.7 of case study 1 Figure 10. Assembly mode No.8 of case study 1
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6.2. Case study 2

In this example, a particular case of a 3-RRR
spherical parallel robot is investigated. Consider
the angles of the fixed triangle are equal to 8, =
B, = B3 = 0°. Thus, the unit vectors u; in the
fixed coordinate system {B} will be defined as,

w=u=u;=[1 0 0]"

Using the above unit vectors, the vectors r; are
also calculated on the fixed coordinate system {B}
as,

n=rp=r3=[0 0 1]T

Consider values of the motors rotation as
6, =0°, 6, =120°, 65 = 240° and using the
above obtained unit vectors, we can calculate the
vectors t; as follows,

t;=[0 0o 17
t, =[0 —0.8660254035 — 0.5]T
t; =[0 0.8660254034 — 0.5]T

Next, consider the length of the actuated links

considering the wvalues u, = 85°, u, =90°,
us = 100° for the middle links and utilizing the
previously obtained parameters, we can calculate
the coefficients of the polynomial of Eq. (63) as
presented in Table 4. Therefore, we can obtain the
values of the angles ¢ and ¥ from equations (64)
and (65) easily as shown in Table 5. Finally,
according to step 14, we can obtain the unit vectors
w; as shown in Table 6. The assembly modes
(configurations) related to these eight solutions are
also shown in Figures 11 through 18.

Table 4. The obtained coefficients N,, (p=0-8) for case

study 2
Coefficients Value Coefficients Value
No 0.2095 Ns -21.2431
N, -1.1886 Ng -5.8099
N, -9.2843 N, 0.6965
Nj 16.4866 Ng 0.3481
N, 16.8635

Table 5. Values of the angles ¢ and i for case study 2

Configuration No.

as a; =80°, a, = 50°, a; = 60°. Therefore, (Assembly modes) @ 1%
the unit vectors v; are obtained as, 1 148.0741° 80.0589°
v =[0.1736481776 0.984807753 0]” 2 —21.9495°  25.1089°
VZ — [0 64278760 3 —807885 —2360530
—0.38302222 0.66341394]" g ?‘Z‘gg ‘16523-52971910
v3 =[0.5 —0.4330127025 — 0.7499999996]" 6 —16.0 1502° _145'34240
Also, consider the values A4, =1, =13 = 7 —145.4095° —170.6340°
107.6° for the moving spherical triangle and using 8 127.8862° 61.2996°
spherical geometry according to appendix A, the
angle y; = 115.67° will be obtained. Finally,
Table 6. The assembly modes w; for case study 2
Configuration No.
(Assembly modes) Wi W2 W3
1 [0.9962 0.0150 0.0858]" [-0.2307 0.3532  0.9067]"  [-0.2921 —0.9357 —0.0352]"
2 [0.9962 0.0789 —0.0370]"  [-0.3783 0.6225 —0.6851]"  [-0.2985 0.3240 0.8986]"
3 [0.9962 0.0799 0.0349]"  [-0.3145 0.4619 —0.8118]"  [-0.3694 0.4715 0.8008]"
4 [0.9962 0.0401 0.0774]"  [-0.3097 —0.8096 0.4987]" [-0.2231 —0.1362 —0.9652]"
5 [0.9962 —0.0778 0.0392]"  [-0.3824 0.8958 0.2265]" [-0.2503 0.2047 0.9463]"
6 [0.9962 —0.0717 0.0496]"  [—0.2231 0.9404 0.2565]" [-0.3605 0.1558 0.9197]"
7 [0.9962 0.0860 0.0142]" [-0.2328 0.8854 0.4023]"  [-0.3733 —0.7104 0.5967]"
8 [0.9962 —0.0535 —0.0688]" [-0.3411 0.3962 0.8525]" [-0.2183 0.6383 0.7382]"
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e

M, M, Py, P, P; M,

Py, Py, Py Pr, P2, Py

Figure 11. Assembly mode No.1 of ~ Figure 12. Assembly mode No.2 of Figure 13. Assembly mode No.3 of
case study 2 case study 2 case study 2

M
3 My

M,

Py, Py, Ps

Figure 16. Assembly mode No.6 of
case study 2

Figure 14. Assembly mode No.4 of ~ Fijgure 15. Assembly mode No.5 of
case study 2 case study 2

M,

M;

My

Figure 17. Assembly mode No.7 of case study 2 Figure 18. Assembly mode No.8 of case study 2

been used in any of the previous methods. The

7. Conclusion advantage of the new method over the previous

In this paper, first, the 3RRR spherical parallel methods is the simplicity of problem modeling
robot was first introduced and then different based on the structure of the robot which leads to
methods of solving the direct kinematics of this the coefficients of the final equations (Appendix
class of robots were evaluated. A new approach for B). Using this approach, the direct kinematics
modeling the direct kinematic problem of the robot problem of two sample robots was solved and
and its solution was presented. In this new eight different configurations were obtained for
approach, the angle-axis representation is used to each one. The configurations were shown
model the direct kinematic problem which has not graphically by a commercial modeling software

package which confirms the accuracy of the
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proposed model. It can also be concluded that the
obtained polynomial degree is minimal and the
proposed modeling method is also optimal. The
advantage of the proposed method was the use of
two evident geometric angles in solving the direct
kinematic problem of the robot. By using the

8. Appendices

8.1. Appendix A: Calculating the angel y,

XY
i=1
f= (ﬁ sin(g — Ai)/sin g)

i=1

0.5

y1 = 2tan"*(f/sin(g — 1))

8.2. Appendix B: Coefficients q4j, qz; and qs;

Q11 = SA S Vyy — SA1€a1 €O,V — SACay50, V5,
G21 = Va;C01SA 1 Clly — Vay SO 541 Clly

q31 = V27 CO1CASIy — VoySO1cA1S1

G12 = SAV;,C01 — SA V2,50,

Q22 = VayCa1CO1SA Cly — SA Vo SA1 Clly + Vppca 501541 Cpty

presented analytical geometric method, the direct
kinematic analysis of this class of robots, which
are inherently very complex, has become
understandable and conceptual.

Q32 = —SA Vo CA1Spy + VpyCa1 €O, CA1 Sy + Vp,ca1 SO CA Sy

G13 =0

Q23 = —CQVoy SAySply — SA1CO1Vzy SA Spy — SA1501 V5, SA Sy

(33 = CAyVax CACUL + SA1CO 1V CAiCpy — Clp + SA1501V5, cAiCly

14 = V3y SO1SA3C11SY1 — V3y €A1 CO1SA3CY1 — V3, €A1 SO1SA3CYy — V3, €O1SA3CHSY1 + SQ U3y SA3CY1

Q24 = —V3y SO1SA3CUy CYy + V3, €O SA3CU CY1 — V3y CA1CO1SA3SY1 — V3, CA1SO1SA3SY1 + SA U3y SA3SYy
q34 = V37 CO1CA3SUy — U3y SO1CA3S1y

Q15 = S V3y SA3CU1SY1 — V3y CA1CO1SA3CU Y1 — V3, CA1SO1SA3C SV + V3, €O1SA3CY1 — U3y, SO15A3¢Y1
Q25 = —V3y SO,1SA35Y1 + U3y €A1 CO1SA3CUL CY1 — SAqV3x SA3CUCYy + V3, CA1SO1SA3CU €Y1 + V3, €O1SA3SY,
Q35 = —SA V3 CA3SHy + U3y, Ca1CO1CAzSUy + V3, Ca1SO;CA3S

G16 = SA1S01V3, SA3Sp1SY1 + SQ1C01V3y,SA35U1SY1 + €A V3 SA3SU1SY1

Q26 = —CA V3 SA3S[1CY1 — SA1S01V3,SA35U1CY1 — SA1CO1 V3, SA3S U €Yy

Q36 = CA V35 CA3CUy — Cl3 + SA1501V3,CA3¢U + SayC0, V3, CAzcUy

List of symbols

A; The joints of the middle links
{A} Moving coordinate system
{B} Fixed coordinate system
E An anti-symmetric matrix
m The unit vector perpendicular to the plane
: crossing the v; and w; vectors
M The joints connected to the moving
t platform
M A spherical triangle as the moving
platform
{M} Local coordinate system
N polynomial coefficients of the direct
' . - -
kinematic equation
P A spherical triangle as the fixed base
P; The active joints

The unit vector perpendicular to the plane crossing

fi the u; and u;,; vectors
t The unit vector perpendicular to the plane crossing
£ the u; and v; vectors
u; The axis direction of the active joints
v; The axis direction of the joints of the middle links
The axis direction of the joints connected to the
Wi moving platform
{X4, Y4, 24} The unit vectors of the moving coordinate system
{x5,¥5, 25} The unit vectors of the fixed coordinate system
a; The angle of the actuator links
B The dimensions of the fixed base spherical triangle
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i

Input joint angles
The dimensions of the moving platform spherical
triangle
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The rotation matrix of the local coordinate
system relative to the fixed coordinate
system

iR
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